Chapter | LINEAR FUNCTIONS

You probably recall from calculus that a function is a rule which associates
particular values of one variable quantity to particular values of another
variable quantity. Analysis is that branch of mathematics devoted to the
study, or analysis, of functions. The main kind of analysis that goes on is
this: for small changes in the first variable, we try to determine an approxi-
mate value to the corresponding change in the second. Now, we ask, for
large changes in the first variable to what extent can we predict, from such
approximations, the corresponding change in the second? The primary
technique involved in this kind of analysis is simplification of the problem.
That is, we replace the given function by a suitable very simple and more
easily calculable function and work with this simple function instead (making
sure to keep in mind the effect of that replacement).

The simplest possible functions are those which behave linearly. This
means that they have a straight line as graph. Such a function has the
following property. The increment in the value of the function correspond-
ing to an increment in the variable is a constant multiple of that increment:

fx+ 10 —fx)=Ct ¢H))

for some C. Now, when one moves to the consideration of functions of
several variable quantities the study of even these simplest functions becomes
complex enough that it forms a special mathematical discipline, called linear
algebra. The calculus of one variable, coupled with the concepts and
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2 1. Linear Functions

techniques of linear algebra constitute the basic tools of analysis of functions
of several variables. It is our purpose in this text to study this subject.
First then, we must study the notions and methods of linear algebra.

We begin our study in a familiar context: that of the solution of a system
of simultaneous equations in more than one unknown. We shall develop
a standard technique for discovering solutions (if they exist), called row
reduction. This is the foundation pillar of the theory of linear algebra.
After a brief section on notational conventions, we look at the system of
equations from another point of view. Instead of seeking particular solu-
tions of a system, we analyze the system itself. This leads us to consider the
fundamental concept of linear algebra: that of a linear transformation. In
this larger context we can resolve the question of existence of solutions and
effectively describe the totality of all solutions to a given linear problem.
We proceed then to analyze the totality of linear transformations as an
object of interest in itself. This chapter ends with the study of several
important topics allied with linear algebra. We study the plane as the system
of complex numbers and the inner and vector products in three space.

1.1 Simultaneous Equations

Let us begin by considering a well-known problem: that of finding solutions
to systems of simultaneous linear equations. The simplest nontrivial example
is that of two equations in two unknowns.

Examples

I. 8x+5y=3

Tro y—8 (1.2)

The technique for solution is that of elimination of one of the vari-
ables. This is accomplished by multiplying the equations by appro-
priate nonzero numbers and adding or subtracting the resulting
equations. This is quite legitimate, for the set of solutions of the
systemn will not be changed by any such operations. It is our intention
to select such operations so that we eventually obtain as equations:
x = something, y = something. In the present case this is quite
easy: if we add five times the second equation to the first, y will
conveniently disappear:

8 +5y= 3
35x — 5y =40
43x =43
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and we obtain the equation x =1. Substituting that in the first
equation gives 8 + 5y =3, or y= —1. Then x=1, y = —1 is the
solution. Let us try a few more illustrative examples.

2. 3x-2y=9
—x+3y=11

We can eliminate x as follows: multiply the second equation by 3
and add:

3x—2y= 9
—3x4+9y=33
Ty =42

We obtain y =6 and x = 7.

3. 3x+dy= 7
6x + 8y = 15 (1.3)

If we subtract twice the first equation from the second, we obtain
a mess:

6x + 8y =15
—6x — 8y =14 (1.4)
0= 1

Thus there can be no numbers x and y satisfying Equations (1.3),
because they imply the Equation (1.4) which is patently false. Notice,
if the second equation were

6x + 8y =14

then our technique would lead to the equation 0 = 0 which is true,
but hardly offers much new information. We can conclude that our
simple technique of elimination does not always produce results.
We shall go into the causes for this in Section 1.3.

4. Let us now generalize our technique to systems involving more
variables. Consider, for example, the system

x+ y+ z= 5
3x =2y +5z= -1 (1.5)
2x+ y— z= 0
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The first equation expresses x in terms of y and z; if the second and
third equation were free of x we could solve as above for the two
unknowns y, z and then use the first to find x. But now it is easy to
replace those last two equations by another two which must also be
satisfied and which are free of the variable x. We use the first to
eliminate x from the latter two. Namely, subtract three times the
first from the second:

Ix—2y+5z=-1
Ix+3y+3z= 15
—5y+2z=-16

and twice the first from the third:

2x+ y— z= 0
2x +2y+2z= 10
- y—3z2=-10

The system (1.5) has been replaced by this new system:

x+ y+ z= 5
-5y +2z=-16 (1.6)
— y—3z=-10

and we can now see our way clear to the end. We solve the last two
as a system in two unknowns:

-5y 4 2z=-16
S5y+15z= 50
17z= 34

z= 2

Then, substituting this value in the last equation, we obtain —y — 6 =
—10 or y =4. Finally, substituting these values for y and z in the

first equation, we find x = —1. Thus the solutionis x = —1, y = 4,
z=2,

5. x—y— z=5
2x+y—3z= 0
—4x—y+ z=10
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Eliminate x from the second and third equations by adding appropriate
multiples of the first;

2x+ y—3z= 0
2x -2y —2z= 10
3y— z=-10

—4x— y+ z=10
4x —4y -4z =20
—5y—-3z=30

The given system has been replaced by these equations:

X—y—z= 5
3y— z=-10
-5y ~3z= 30

We solve the last two easily: y = —30/7, z= —20/7. Substitutions
into the first equation completes the solution: x = —15/7.

Of course, we can run into difficulties as we did in the two unknown
equations of Example 3. We should be prepared for such occurrences
and perhaps even more mysterious ones. Nevertheless, our technique is
productive: if there is a solution to be had we can locate it by this process
of successive eliminations. Furthermore, it easily generalizes to systems
with more unknowns. This is the technique stated for the case of n un-
knowns. Eliminate the first variable from all the equations except the first
by adding appropriate multiples of the first. Then, we handle the resulting
equations as a system in n — 1 unknowns. That is, using the second equation
we can eliminate the second variable from all but the second equation, using
the new third equation we can eliminate the third variable from the remain-
ing equations, and so forth. Eventually we run out of equations and we
ought to be able to find the desired solution by a succession of substitutions.

We shall want to do more than discover solutions if they exist. We want
to be able to predict the existence of solutions; we want to be able to compare
systems, and we want to know in some sense how many solutions there are.
In other words, we should come to understand the nature of a given system
of equations. In order to do that we have to analyze this technique and
develop a notation and theory which do so. That is where linear algebra
begins. Before going into this, we study another pair of more complicated

examples.
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Examples

6. x+2y— z—-3w= 13
Sx— y— z4+2w=-14
y+ z+ w= 4
3x+2y—2z = =7

According to our technique, we replace the last three equations by a
new set in which the variable x does not appear. We do this by
adding the suitable multiple of the first equation:

(=5) x (first) + second: —1ly +4z+ 17w = —79
0 x (first) + third: y+ z4+ w= 4
(—=3) x (first) + fourth: — 4y+ z+ 9w= —46

Now we solve this set by applying the same procedure: we now
eliminate y. Of course the order of the equations is not relevant;
we could have listed them some other way. Since we can avoid
fractions by adding multiples of the second equation to the first and
third, let’s do it that way.

(11) x (second) + first: 15z + 28w = —35
4 x (second) + third: 5z + 13w = —30

Finally, of this set, {—3) x (second) + first gives — 11w = 55. Thus
the original set of four equations is replaced by this set:

x+2y— z— 3w= 13

y+ z+ w= 4
5z4+13w= —30
—1llw= 55

The solutions are now easily found,

7. Now, let us consider this set:

x+2y+3z+ u— v= 2

=5x+ y+7z = -5
%+  du+dv= 18 (1.7)

32— u— v=-5
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x is already eliminated from the last two equations. Using the first
to eliminate x from the second, we obtain these three equations in
place of the last three above,

1y +22z+5u—5v= 5
2y + 4du+3v= 18 (1.8)
3z — u— v= -5

Now y is already eliminated from the last. We eliminate it from the
second (without getting involved with fractions) in this way:

(—2) x (first) + (11) x (second): —44z + 34u + 43v = 188

Now this equation together with the last of the set (1.8) gives this
system

—44z + 34u + 43v = 188
3z— u— v=-5

We can eliminate v from the first to obtain 129z — 9u = —27. Thus
the system (1.7) has been transformed into this:

x+ 2+ 3z4+ u— v= 2

11y +22z2+5u—50= 5
3z— u— v=-35 (19

129z — Su = -27

Now we can solve for x by the first equation once we know y, z, u, v;
we can solve for y by the second once we know z, u, v; we can solve
for v in the third once we know z and u; and we can use any z, u which
make the last equation true. For example, if z =0, we must have
#=3, and so on up the line: v=2, y=0, x=1. Notice that for
any value of z we can always find u, v, x, y that make these equations
all hold. Thus in this case there is more than one solution.

Formulation of the Procedure: Row Reduction

Now, let us turn to the abstract formulation of this procedure. In the
general case we will have some, say m, equations in » unknowns. Let us
refer to the unknowns as x!, ..., x". These m equations may be written as

a'x! + ay'x + 0 + a1 x" = bt
a2x! + a2xr 4+ + e x" =1 (1.10)

a,"x' + a,"x* + --- + a,"x" =b"
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We proceed to solve this system as follows: multiply the first equation
by —a,?*/a," and add it to the second equation ; multiply the first equation by
—a,%/a,! and add it to the third and so on. The result will be a new system,
which we may write this way:

a'x' +a'x* + -+ + a,'x" = b
whxt e ot = 1.11)

azmxz + e+ anmxn — ﬁ"

We now continue with the same technique applied to the system of m — 1
equations in n — 1 unknowns given by the system (1.11) (except for the first
equation). This is an effective reduction of the problem, because x! can be
computed from the first equation once x?, ..., x* are known. Of course, if
a,' =0, this technique must be slightly modified. We just renumber the
equations so that the coefficient of x' in the first one is nonzero and then
proceed as above. If that is impossible then x' appears in no equation so
we can disregard it and work with x? instead.

We now introduce a formalism which allows us to keep track of this
procedure. It is clear that the essence of the left side of the system of
Equations (1.10) is embodied in the array of numbers.

a (121 anl
a; a22 anz

A= . (1.12)
alm azm anm

This array is called a matrix: the upper index of the general term is the
row index and the lower index is the column index. Thus, as® is the number
in the third row and fifth column, @}, is in the seventh row and forty-second
column, g,/ is the number in the Jjth row and the kth column. Symbol
(1.12) is an m x n matrix: it has m rows and 7 columns. The matrix

bl

-

is an m x 1 matrix. Equations (1.10) can now be written symbolically as

Ax=b (1.13)
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Now the technique for solving the equation described above consists of a
sequence of such equations with new matrices A and b, ending with one whose
solution is obvious. The step from one equation to the next is performed
by a row operation (remember, the rows are the separate equations); that is,
one of these particular steps:

Step 1. Multiply a row by a nonzero constant.
Step 2. Add one row to another.
Step 3. Interchange two rows.

It is clear (and will be verified in Section 1.3) that any such operation does
not change the collection of solutions. Finally, the end result desired is a
matrix of this form, called a row-reduced matrix :

1 ot a,!
2 2
01 e % (1.14)

Descriptively: the first nonzero entry of any row is a 1 and this 1 in any
row is to the right of the 1 in any previous row. This is the kind of matrix
the above procedure leads to; and it is most desirable because the system it
represents can be immediately solved. In order to see this, we shall distin-
guish between two cases by resolving the dotted ambiguity in the lower right
corner of (1.14).

Let
Ax=Db

be a system of linear equations where A is a row-reduced matrix (of the form
(1.14)). Let d be the number of nonzero rows of A.

Case 1. d=n. In thiscase the system of equations has this form:
x! + a,'x? ++atx=b'
x2 +a?x® + - +alx, = b
X gy = b

x"=>b"
0=bn+l

0=p"
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Thus there is a solution if and only if 5"*! = --- = b™ = 0, and the solution
is found by successive substitutions: In this case the solution is unique.

Case?2. d<n. Inthiscase our system has the form:

x' +ay'x? + 4 a,'x" = b
x? +ay?x® + o + a,2x" = b?

¥, x0T b g0t = b
0=bd+1

0=p"

(We may have to reindex the variables in order to get all the leading I’s in a
line.) There is a solution if and only if 5! =+--=5p" =0, and all the
solutions are obtained by giving x?*!, ..., x" arbitrary values, and finding
the values of the remaining variables by substitutions.

We now summarize the factual (rather than the procedural) content of this
discussion in a theorem, the proof of which will appear in Section 1.3.

Definition 1. A matrix A is called a row-reduced matrix if

(i) the first nonzero entry in any row is 1,

(ii) in any row this first 1 appears to the right of the first 1 in any preceding
row.

The number of nonzero rows of A is called its index.

Theorem 1.1. Let A be an m x n matrix. A can be brought into row-
reduced form A’ by a succession of row operations. The equation Ax = b has
precisely the same solutions as the equation A'’x = b’ if b’ is obtained from b
by the same sequence of row operations that led from A to A’.

o EXERCISES

1. Find solutions for these systems
@@ 2x—3y=23

x+ y=-—4
(b) Ix+4y=10
—4x+8 =0

© x+ y+ z= 15
x— y+ z= 3
2x—3y—5z=-7



@

(e)

)
®

(h)

@
0)

x+ y+ z4+ w=4
x+ y+ z— w=2
xX— y+ z— w=0
—x+2y—3z+4w =2
—x+ y+ z=0
2x 42y + 10z =28
x+ y+ z=22
Ix+6y+9z=12
x+2y+3z= 4
x+ y=17
x— y=1
3x—d4y=0
x+ y 7
x+2y =9
x+3y =11
x+y+z+w=4
X+y—z—w=6
x+2y+ z= 0
x—3y—6z= 4
4x+8y+4z=11
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2. A homogeneous system of linear equations is a system of the form
Ax = 0; that is, the right-hand side is zero. Find nonzero solutions (if
possible) to these homogeneous systems.

@ x+ y+z=0
x— y+z=0
xX+2y+z=0
®) x+y+z=0
x—y—z=0
© x4+ y+ z4+ w=0
x—2y+ z—2w=0
2x— y+2z— w=0
3. Suppose (x!,..., x") is a solution for a given homogeneous system.
Show that for every real number #, (#x?, ..., tx") is also a solution.

4. If (x*, ..., x", (»4,...
system, then so is (x* + !, ..

,»") are solutions for a given homogeneous
I

5. Find the row-reduced matrix which corresponds to the given matrix
according to Theorem 1.1.

A=

—1

QO =N

7 1

2 2

6 4
0 0 6 5
3 0 0 0
0 —1 -1 1
0 0 0
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1 2 6 1

—2 —4 0 2

C=Y o o s s

3 6 9 12

6. Let

0 0 3
a=190 b={2 c=1]2
0 1 0
1 2

Solve these equations:
(@) Ax=Db, (b) Bx=a, (c) Bx=¢, (d) Cx=a,
(e) Cx =c, where A, B, C are given in Exercise 5.

& PROBLEMS

1. Show that the system

ax+ by =«
ex+dy=8

has a solution no matter what «, B are if ad — bc # 0, and there is only one
such solution.

2. Can you suggest an explanation of the ugly phenomenon illustrated
by Example 3?

3. Is there only one row-reduced matrix to which a given matrix may be
reduced by row operations? If A’ and A” are two such row-reduced
matrices, coming from a given matrix A show that they must have the same
index.

4, Suppose we have a system of » equations in #» unknowns, Ax =b.
After row reduction the index of the row-reduced matrix is also n. Show
that in this case the equation Ax =b always has one and only one solution
for every b.

5. Suppose that you have a system of m equations in » unknowns to
solve. What should you expect in the way of existence and uniqueness
of solutions in the cases m <n, m >n?

6. Suppose we are given the n X n system Ax = b, and all the rows of A
are multiples of the first row; that is, there are 5%, ..., 5" such that a,! = s'a;!
for all j and i=1,...,n. Under what conditions will the given system
have a solution?

7. Suppose instead that the columns of A are multiples of the first column.
Can you make any assertions ?

8. Verify that if the columns of a 3 X 3 matrix are multiples of the first
column, then the rows are multiples of one of the rows.
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1.2 Numbers, Notation, and Geometry

We now interrupt our discussion of simultaneous equations in order to
introduce certain facts and notational conventions which shall be in use
throughout this text. We shall also describe the geometry of the plane from
the linear, or vector point of view as an alternative introduction to linear
algebra.

First of all, the collection {1, 2, 3, ...} of positive integers (the “ counting
numbers ’’) will be denoted by P. Every integer »n has an immediate successor,
denoted by n + 1. If a fact is true for the integer 1 and also holds for the
successor of every integer for which it is true, then it is true for all integers.
This is the Principle of Mathematical Induction, which we shall take as an
axiom, or defining property of the integers. We shall formulate it this way.

Principle of Mathematical Induction. Let S be a subset of P with these
properties:

(i) 1isa member of S,
(i) whenever a particular integer » is in S, so also is its successor n + 1
in S.

Then S must be the set P of all positive integers.

This assertion is intuitively clear. You can see, for example that 2 is in S.
For by (i) 1 is in S, and thus by (ii) I + 1 =2 is also in §. Continuing,
3=2+1isin S, again by (ii). By applying (ii) another time 4 is in S.
Applying (ii) another 32 times we see that all the integers up to 36 are also
in . No positive integer can escape: since 1 is in S we need only apply (ii) n
times to verify that the integer nisin S. In fact, the assertion of the principle
of mathematical induction is that there are no integers other than those that
can be captured in this way, and in this sense the principle is a defining
property of the integers.

The principle of mathematical induction provides us with a tool for writing
proofs of assertions for all positive integers which avoids the phrases:
“continuing in this way,” ‘“and so forth,” “....,” .... We shall find this a
helpful device in verifying assertions concerning problems with an unspecified
number, n, of unknowns. Let us illustrate this method by proving a few
propositions about integers.



14 1. Linear Functions
Proposition 1. The sum of the first n integers is (1/2)n(n + 1).

Proof. Let S be the set of integers for which Proposition 1 is true. Certainly
lisin S:

1=4-11+1)

Now, assuming the assertion of Proposition 1 for any integer n, we show that it also
holds for n+ 1.

14 +ntl=1++ntntl=tnr+D+n+1
=n+DEn+ 1) =3n+Dr+2)

which is the appropriate conclusion. Thus by the principle of mathematical in-
duction, Proposition 1 is proven.

Proposition 2,  The sum of the first n odd integers is n>.

Proof. 1=1%surely. We now assume the proposition for any n, and show that
it follows for n+ 1:

1434 +2+D)—1=14+3+--+2n—1+2n+1
=n"+2n+1=@m+1)?

Proposition 3. Let K be a given positive integer. Then for any integer n
we can write

n=QK+R (1.15)
with 0 < R < K in one and only one way.
Proof. We may of course immediately discard the case K =1 for in that case
(1.15) is just the trivial comment that n = # - 1 forall ». Thus take K > 1, and now
proceed by mathematical induction. The proposition is true for # — 1:
1=0-K+1

Now we assume that the proposition is true for any given integer n. Thus
n=QK+ R

for some Q and R,0 < R< K. Then R+1<K. If R+1 <K, we have

n+1=QK+(R+1)
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with 0 < R+ 1 <K, as desired. Otherwise, R + 1 = K, in which case
n+1=0K+K=(Q+DK+0

as desired. Thus, by mathematical induction, (1.15) is possible for every integer ».
This representation is unique, for if

n=QK+ R
is also possible with 0 < R’ < K, then we have
QK+ R =QK+R
or
(Q—DK=R-F

and R — R’ is between — K and K. Now the only multiple of X between — K and
Kis 0, s0 (@' — @)K = R— R’ =0 from which we conclude R=R’, Q' = 0.

Set Notation

The set of positive integers forms a subset of a larger number system, the
set Z of all integers. Z consists of all positive integers, their negatives and 0.
The collection of all quotients of members of Z is the set of rational numbers,
denotedy by Q. Q is a very large subset of the set of all real numbers R.
For the purposes of geometric interpretation we will conceive of the real
number system R as being in one-to-one correspondence with the points
on a straight line. That is, given a straight line, we fix two points on it,
one is the origin O, and the other denotes the unit of measurement. All
other points P on the line are given a numerical value: it is the displacement
from O as measured on the given scale (negative if O is between P and 1
and positive otherwise). (See Figure 1.1.)

There are certain ideas and notations in connection with sets which we

Figure 1.1
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shall standardize before proceeding. Customarily, in any given context
there is one largest set of objects under consideration, called the universe
(it may be the positive integers P, or the rabbits in Texas, or the people on
the moon) and all sets are actually subsets of this universe. If X is a set and
x is an object we shall write x € X to mean: x is a member of X. x¢ X
means that x is not 2 member of X. Thus, for example, —7 € Z, but —7 ¢ P.
The set with no elements is called the empty set, and is designated . Most
specific sets are defined by a property: the set in question is the set of all
elements of the universe that have that property. We use the following short-
hand form to represent that phrase

{x € U: x has that property}

For example, the set of all positive real numbers is {x € R: x > 0}. The set
of all Englishmen who drink coffee is {x € England: x drinks coffee}. The
set of all integers between 8 and 18is {x € Z: 8 < x < 18}. This is the same
as {xeP:8<x<18} and {xeZ: |x— 13| <5}.

If X and Y are two sets, and every element of X is an element of Y we shall
say that X is contained in Y, written X < Y. Notice that ¢J < X for every
set X. We shall consider also these operations on sets:

—X: the set of all x notin X
X v Y: the set of all x in either X or Y (or both)
X N Y: theset of all xin both X and Y
X —Y:thesetofall xin X, and notin ¥

(Consult Figure 1.2 for a pictorial interpretation.) Notice that X — Y is
the same as X n —Y. There are many other identities: ——X = X,
“XUu-Y=-XnY), Xn(YuZ)=(XnY)u(XnZ), and so on,
so don’t be surprised when two different collections of symbols identify the
same set. A final operation is that of forming the Cartesian product. If U
is a given universe, then U x U is the set of all ordered pairs of elementsin U.
U x U is often denoted by U2, By extension we can define U3 as the set of
all ordered triples (x’, x?, x*) of elements of U; and more generally U" is the
set of all ordered n-tuples of elements of U.

If X', ..., X" are subsets of U, the set of all ordered n-tuples (x!, ..., x"
with x' e X', ..., x" € X" is denoted X! x -+ x X". Not every subset of
U" is of the form X' x --- x X", those which are of this form are called
rectangles.

Thus the space of n-tuples of real numbers is denoted R". If I ..., r
are intervals in R, then I' x--- x I" is indeed a rectangle. A point
(x', ..., x") in R" will be denoted, when specific reference to its elements is



1.2 Numbers, Notation, and Geometry 17

.
R a— —
RV =
& < xuy
xI -
F T
= —
= =Y ittt
3 fl
£ — 2
= prass / r
/\/\; T H
> A YH
o
>
}\
/]77” : H

S
N
O —

~

»JﬂJ#;,J,JerJ

Figure 1.2

not required, by a single boldfaced letterx = (x', ..., x"). Ifa=(d!,..., a",
b= (b, ..., b") are two points in R" with b' > a’, 1 < i < n we shall use the
notation [a, b] to denote the rectangle.

{(x' ..., x):at <x'<b!,...,a" < x"<b"}
If the inequalities are strict we shall denote the rectangle by (a, b):
(a,b)={('....,x):a' <x! <b!,...,a"< x" < b"}

A function from a set X to another set Y is a rule which associates to each
point of x a uniquely determined point y in Y. It is customary to avoid the
use of the new word rule by defining a function as a certain kind of subset
of X x Y. Namely, a function is a set of ordered pairs (x, y) with xe X,
ye Y, with each x € X appearing precisely once as a first member. If
(x, y) is such a pair we denote y by f(x): y = f(x). We shall use the notation
f: X - Y to indicate that fis to mean a function from X to Y. X is called
the domain of /; the range of f'is the set {f(x): x € X} of values of £. If every
point of y appears as a value of f we say that f maps X onto Y. If every point
of y is the value of fat at most one x in X, we say that f'is one-to-one. More
precisely, fis one-to-one if x # x’ implies f(x) # f(x’). Now, if fis a one-to-
one function from X onto Y, then for each y € Y, there is one and only one
x € X such that f(x) =y. This defines a function g: ¥ — X which is also
one-to-one and onto and has this property: g(y) = x if and only if f(x) = y.
In this case we shall say that f is invertible and g is its inverse, denoted
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g=f"" Finally,iff;: X - Y, f,: Y — Z are two functions, we can compose
them to form a third function, denoted f, o f;: X — Z defined by

S o f1(2) = fo(f1(x))

Plane Geometry

We now turn to the geometric study of the plane, as an alternative intro-
duction to linear algebra. According to the notion of the Cartesian co-
ordinate system we can make a correspondence between a plane, supposed
to be of infinite extent in all directions, and the collection R? of ordered
pairs of real numbers. This is done in the following way: first a point on the
plane is chosen, to be called the origin and denoted O (Figure 1.3). Then
two distinct lines intersecting at O are drawn (it is ordinarily supposed that
these lines are perpendicular, but it is hardly necessary). These lines are
called the coordinate axes; they are sometimes referred to more specifically
as the x and y axes, ordered counterclockwise (Figure 1.4). Now a point
is chosen on each of these axes; we call these E; and E, (Figure 1.5). These
are the ““unit lengths” in each of the directions of the coordinate axes.
Having chosen a unit on these lines, we can put each of them in one-to-one
correspondence with the real numbers. Now, letting P be any point in the
plane, we associate a pair of real numbers to P in this way. Draw the lines
through P which are parallel to the coordinate axes and let x be the inter-
section with the line through E, and y the intersection with the line through

o
Figure 1.3

Figure 1.4
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Figure 1.5

E,. Then we identify P with the pair of real numbers (x, y) (Figure 1.6.)
In this way to every point in the plane there corresponds a point in R?
(called its coordinates relative to the choice O, E,, E,). Clearly, for any pair
of real numbers (x, y) we have a point with those coordinates, namely the
fourth vertex of the parallelogram of side lengths x and y along the co-
ordinates axes with one vertex at O (Figure 1.6).

P(x,y)

E, (1,0)

Figure 1.6
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P(r>0)

P(r<0)

Figure 1.7

Once a particular point in the plane is fixed as the origin, there can be
defined two operations on the points of the plane, and these operations form
the tools of linear algebra. Since they cannot be defined on the points until
an origin is chosen, we are forced to distinguish between the point set the
plane and the plane with chosen point. This distinction gives rise to the
notion of vector: a vector is a point in the plane-with-origin. The vector
can be physically realized as the directed line segment from the origin to the
given point; such a visualization is nothing more than a heuristic aid. It is
important to realize that as sets, the set of vectors in the plane is the same
as the set of points in the plane. The difference is that the set of vectors has
additional structure: a particular point has been designated the origin. We
shall denote vectors by boldface letters; thus the point P becomes the vector
P, the origin O becomes the vector 0. We shall now describe these two
operations geometrically and then compute them in coordinates.

1. Scalar Multiplication. Let P be a vector in the plane, and r a real
number. Consider the line through 0 and P. Considering P now as a unit
length, we can put that line into one-to-one correspondence with R, Using
this scale, rP is the point corresponding to the real number r.  Said differently,
rP is one of the points on that line whose distance from 0 is |r| times the
distance of P from 0 (Figure 1.7). Now, if P has the coordinates (x, y) we
shall see that rP has coordinates (rx, ry). First, suppose r > 0. Draw the
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triangle formed by the line through 0, P and rP, and the E, axis and the lines
parallel to the E, axis (Figure 1.8). Triangles I and II are similar. Thus,
referring to the lengths as denoted in Figure 1.8,

P x
T3 I

By definition |P|/|rP| =1/r, thus the first coordinate of rP (here denoted by s),
is rx. The second coordinate is similarly seen to be ry. Thus rP has the
coordinates (rx, ry). The case r < 0 is only slightly more complicated.

2. Addition. Let P, Q be vectors in R2. Then 0, P, Q are three vertices
of a uniquely determined parallelogram. We define P + Q to be the fourth
vertex. The description of this operation in terms of coordinates is extremely
simple: if P has coordinates (x, y), and Q has coordinates (s, t), then P + Q
has (x + s, y + ¢) as coordinates. There is nothing profound to be learned
from the verification of this fact, so we shall not go through it in detail.
After all, it is not our purpose here to logically incorporate plane geometry

Figure 1.8
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P+Q

Figure 1.9

into our mathematics, but rather to use it as an intuitive tool for comprehen-
sion. For those who are suspicious of our assurances we include the verifica-
tion of a special case. Consider Figure 1.9 and include the data relating
to the coordinates (Figure 1.10): To show that the length of the line segment
OB is 5 + x, we must verify that the length of AB iss. Draw the line through
P and parallel to OE,, and let C be the intersection of that line with the line
through P + Q and B. The quadrilateral ABCP has parallel sides and thus
is a parallelogram. Hence, AB and PC have the same length. Now triangles
0sQ and PC(P + Q) have pairwise parallel sides (as shown in Figure 1.10)
and further 0Q and P(P + Q) have the same length. Thus these triangles
are congruent so the length of PC is the same as the length of 0s, namely s.
Thus the length of AB is also s, and so OB has length s + x. Notice that this
is a special case since it refers to an explicit picture which does not cover all
possibilities.

The operation inverse to addition is subtraction: P — Q is that vector
which must be added to Q in order to obtain P (Figure 1.11). The best way
to visualize P — Q is as the directed line segment running from the head of
Q to the head of P (denoted L in Figure 1.11). In actuality, P — Q is the
vector obtained by translating L to the origin; in practice, it is customary not
to do this but to systematically confuse a vector with any of its translates.
We shall do this only for purposes of pictorial representation.

Notice that, having chosen the vectors E, and E,, we can express any
vector in the plane uniquely in terms of them and the operations of addition
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Figure 1.10

Figure 1.11
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and scalar multiplication:
(X, y) = (xa 0) + (07 y) = X(I, 0) + y(09 1) = xEl + yEZ

This is true no matter how E, and E, are chosen, so long as the points
0,E,, E, do not lie on the same line (we say the vectors E, and E, are not
collinear). Thus we have this important fact.

Proposition 4. Let E, and E, be any two noncollinear vectors in the plane.
Then we can write any vector Q uniquely as

Q= x'E; + x’E,

x! and x* are the coordinates of Q relative to the choice of origin 0 and the
vectors E; and E,.

If we state this geometric fact purely as a fact about R?, it turns out to be
a theoretical assertion about the solvability of a pair of linear equations.
Thus, let us suppose E, = (a,*, a,%), E, = (a,', a,?) relative to some standard
coordinate system (for example, the usual rectangular coordinates). First
of all, how do we express algebraically the assertion that E;, and E, do not
lie on the same line? We need an algebraic description of a straight line
through the origin.

Proposition 5.
(i) A set Lis a straight line through O if and only if there exists (a, b) € R?
such that

L={(x,y): ax + by =0}

(i) The points (x, y), (x', y') lie on the same line through the origin if and
only if

x Yy

xl - yl
You certainly recall these facts from analytic geometry—we leave the
verification to the exercises. Returning to the vectors E, and E,, these

geometric facts become the following algebraic fact.

Proposition 6. Let

be a 2 x 2 matrix with nonzero columns.



1.2 Numbers, Notation, and Geometry 25

() Ifa,'a,® — a,%a,' #0, then the equation Ax = b has a unique solution
for every b € R2.

(i) The equation Ax = 0 has a nonzero solution if and only if a;'a,* =
a,’a,".

(iii) If a,'a,* = a,%a,", the equation Ax = b has a solution if and only
if a,'6% = a,2b'.

Proof.

(i) This condition is according to Proposition 5 (ii} precisely the assertion that
the vectors (a1}, a1?), (a2, a,?) are not collinear. Then, according to Proposition 4,
for any (b, b*) there is a unique pair (x*, x?) such that

b, b®) =x'(ai, a:®) + x¥a’', a.?)

This is the same as the pair of equations b = Ax.

(ii) By the above, if a,'a,? = a;%a,’, then the only solution of Ax =0 is x =0.
On the other hand, if a,'a.* = a,%a,', then either (a:2, —a,?) or (—a,', a.?) is a non-
zero solution of Ax = 0, or all the entries of A are zero, in which case everything
solves Ax = 0.

(i) If a:'a:? = a:2a5*, then (a.', @:?), (az', a2?) lie on the same line through the
origin by Proposition 5(ii). Any combination x'(a:', @:%) + x*(az', ,*) willhave to
lie on that line, and conversely, any point on that line must be such a combination.
Thus Ax = b has a solution if and only if (b', b%) lies on the line through 0 deter-
mined by (a:!, @:2). The equation for this is, by Proposition 5(ii},

bl b2
Z_ =— or blai'=b'a’
all alz

Examples

8. Let L, be the line through (0, 0) and (3, 2) and L, the line
through (1, 1) and (0, 6). Find the point of intersection of L, and L, .

L, has the equation 2x — 3y =0, and L, the equation 5x + y = 6.
The point of intersection must lie on both lines, and thus is the pair
(x, y) solving

2x—3y=0
5x4+ y=6

We find x = 18/17, y = 12/17.

9. Find the line L through the point (7, 3) that is parallel to the
line L: 8x + 2y = 17. L will be given by an equation of the form
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ax + by =c. In order to be parallel to L, L and L must have no
point of intersection, so the equations

8x+2y=17
ax+by= ¢

can have no common solution. Thus we must have

8§ 2

a b
Furthermore, since (7, 3) is on L, we must also have
Ta+3b=c

This pair of equations in three unknowns has for a solution a = 4,
b=1,c=31. Thus L is given by the equation

4x + y =31

e EXERCISES

7. Show that for every integer n,
P22t n?=nn+1)2n+1)
8. Show that for every integer n,

24224 f D41 g

9. Show that X n(YuZ)=(XnY) v(XnZ)and Xu(¥YnZ)=
XuY)n(XuZ2).
10. Give an example of a subset of a Cartesian product which is not a
rectangle.
11. Find the point of intersection of these pairs of lines in R?:
(@ 3x+ y=7 © 2x+ 2y=-—1

x—17y=1 x+12y= 14
(b) x—2y=4 d y=2x+ 7
2x+ y=0 x=3y+18 ’

12. Find the line through P which is parallel to L:
(a) P=Q2,-1),L:3x+7y=4
b P=@,1),Lix—y=—_1
© P=0,-7),L:y—2x=3

® PROBLEMS

9. We can define the line through P and Q as the set of all X such that
the vect(?r X — P is parallel to the vector P — Q. Show that two vectors are
parallel if and only if one is a multiple of the other. Conclude that the line
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through P and Q is the set

P+tP—-Q):teR}
10. Using the definition in Exercise 9 show that a straight line in the plane

is, in terms of coordinates, given as
{(x,y)eR*:ax+ by +c=0}
for suitable q, b, c.
11. Suppose L is a line given by the equation bx + ay + ¢ =0
(a) Show that the tangent of the angle this line makes with the
horizontal is —b/a.
(b) Show that the vector (g, b) is perpendicular to L.
(c) Find the point on L which is closest to the origin.

12. Find the line through the point P and perpendicular to L:

(@ P=@3,7),L:x—3y=2.
) P=(—1,1),L:2x+3y=0.
) P=(0,2),L:5x=2y.

13. Suppose coordinates have been chosen in the plane. Let E;, E, be
two vectors in the plane which are not collinear. (That is, 0, E;, E; do not
lie on a straight line.) Then we can recoordinatize the plane relative to this
choice of principal directions. Give formulas which relate these two
coordinatizations in terms of the given coordinates of E,, E, (see Figure 1.12).

(x,y)
y # — P
/ T @
/ - /
SE(y) /
/ " /
//,/” /
vE. /
/ /
/ /
/ /
/ /
/ /
/ !
/ /
/ I/ Y 2a
/ I =TT Bl yY
/| -
/ _
/ -~ uE,
/ -
/ -
/ -
/ e
/ -
-
=7 x
=)0
- /
!
/
/

Figure 1.12
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14. In the text, the equation 142 + -+ + n = $n(n + 1) was verified by
induction. There is another way of doing this. An » X » matrix has n?

entries. There are » of these entries on the diagonaland 1 4+ 2+ - +n—1
entries both above and below that diagonal. Thus

20+24-+n—-—D+n=n

1.3 Linear Transformations

We now return to the problem of analyzing systems of simultaneous linear
equations, with a broader question in mind: given the m x n matrix A, for
which b is there a solution of the equation Ax =b? In order to study this,
we associate to A the function from R™ to R":

Fax LX) =(a X + -+ a,x .., a X L g (1.16)
Thus the set of b, such that Ax = b, is precisely the range of f, .
Let us begin by introducing the two fundamental operations on R" (just as
in the case n = 2 studied in the previous section):
1. Scalar Multiplication: for re R, x = (x!, ..., x") € R", define
rx=(rxl, ..., rx"
2. Addition: for x = (x!, ..., x"), y = (¥%, ..., ") € R", define
x+y=@'+y,..,x"+y")

Definition 2. A function f from R" to R™ is a linear transformation if it
preserves these two operations, that is, if

firx)  =1f(x)
Sx+y)=f(x) +£(y)

The function f, defined above for the m x n matrix A is linear:

farx)=(a'rx' + -+ a'rx", . amrxt 4+ a,"rx")
=(r(a'x" + - a,'%"), ..., r@,"x" + -+ + a,™x)

= rfs(x)



1.3 Linear Transformations 29

fix+y) =@ ' +y) 4+ g "+ ), ., g+ Y
+ 0+ a,"(x" + ")

=(a,'x" + +a X" +a'y' + - +aly", .

a,"x! 4+ - + a"x"+a™yt + - + a,"y")

= fa(X) + fu(y)

ey

The significance of the introduction of linear transformations, from the
point of view of systems of equations, is that it provides a context in which to
consistently interpret the technique of row reduction. For, the application
of a row operation to a system of equations amounts to composition of the
associated linear transformation with a particular linear transformation
corresponding to the row operation. Once we have seen that we can analyze
the given system by studying these successive compositions. Looking ahead,
it is even more important to recognize row reduction as a tool for analyzing
linear transformations. Let us now interpret the row operations as linear
transformations.

Type 1. Multiply a row by a nonzero constant. Consider the multiplication
of the rth row by ¢ # 0. Let P, be the transformation on R™:

PybY,....M =" ..., b, ..., 0"

(multiplication of the rth entry by ¢). The effect of this row operation is that
of composing the transformation f,: R"—» R™ with P,, and changing the
equation Ax = b into the equation P;Ax = P,b. These two equations have
the same set of solutions since the transformation P; can be reversed (it is
invertible). Precisely, its inverse is given by multiplying the rth entry by 1/c.

Type 1I. Add one row to another. Adding the rth row to the sth row
corresponds to this transformation on R™:

Pyt by = by, .. b B, BT

Again, this step in the solution of the equations amounts to transforming the
equation Ax = b to P,Ax = P,b. Since P, is invertible (what is its inverse ?)
we cannot have affected the solutions.

Type III. Interchange two rows. Interchanging the rth and sth rows
corresponds to the transformation

Pybt, .. B B BT = (B L b, )

The importance of these observations is this: the row operations correspond
to linear transformations which in turn are representable by matrices. The
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solution of the system of equations Ax = b thus can be accomplished com-
pletely in terms of manipulations with the matrix corresponding to the system.
It is our purpose now to study the representation of linear transformations
by matrices and the representation of composition of transformations.

In R" the n vectors (1,0,...,0), (0,1,0,...,0),...,(0,...,0,1) play a
fundamental role. We shall refer to them as E,,..., E,, respectively.
Thus E; has all entries zero, but the ith, which is 1.

Proposition 7. Any vector in R" has a unique representation as a linear
combination of E{, ..., E,.

Proof. Obviously,
b, ....,6") =bE1+ -+ bE,

We shall refer to the set of vectors E, ..., E, as the standard basis for R". Out
of Proposition 7 comes this more illuminating fact,

Proposition 8. Corresponding to any linear transformation L: R" — R™
there is a unique m x n matrix (a;') such that

L(x%, ..., x") = (Zaj‘xf,..., Zaj"'x") (1.17)
=1 =1

Proof: It is clear, by the way, that, given the matrix (a,*), Equation (1.17) does
define a linear transformation. Now, given L, since it is linear, we can write

LY ..., x)) =L('Ey + ** + ;) = x'L(Ey) + -+ + x"L(E,) (1.18)

Thus a linear transformation is completely determined by what it does to the
standard basis. Let

LE)=(ad,...,as"), ..., LE) =(a, ..., a,™)

Then Equation (1.18) becomes

L .o, x)) =xYad, o, @™ -+ x"a, ..., a")
=(x'al, ..., x'a™ + - + (x"a, .. ., x"a")
=('a’ + 4+ x"al, ..., xla™ + -+ xa,m)

which is just Equation (1.17).
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Matrix Multiplication

Now we must discover how to represent the composition of two linear
transformations by an operation on matrices. There is only one way to
make this discovery: compute. Suppose then that 7: R"— R™ and S:
R"'.—>R” are linear transformations represented by the matrices (a;’) and
(b,"), respectively. Then, we can compute the composition ST as follows:

n n
T(x", ...,x")=(2a,~1x’, e Zaj'"xj)
= I

= ( i ( i bklaj")xj, ey ji (ki b,,"aj")xj)

j=1\k=1

Thus ST is represented by the p x n matrix
( Y b,,ia,") (1.19)
k=1

Definition 3. Let A =(a;") be an m x n matrix and B=(b;") a p xm
matrix. Then the product BA is defined as the p x n matrix whose (i, j/)th
entry is given by (1.19).

The preceding discussion thus provides the verification of

Proposition 9. If T: R" - R™, S: R™ — RP are represented by the matrices
A, B, respectively, then ST is represented by the product BA.

The product operation may seem a bit obscure at first sight; but it is easily
described in this way: the (i, j)th entry of BA is found by multiplying entry
by entry the ith row of B to the jth column of A, and adding.

Examples
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Let AB = (c;}). Then
cl=56+ 3(-3)+ 74 49

¢2=66+ 5(-3)+ 14 =25
¢,3 =86+ 11(=3) + (—4)4 = —1

¢2=60+ 55+ 14=29

' 49 39 43
AB=[ 25 20 29

-1 14 39

11. -1
@ 5 1)( 0)=(—1-2+0-5+1-1)=(—1)

1
-2 -5 -1
2-0 50 1-0
2-1 5-1 1-1

~1
( 0)(2 5 1)
1

SRR R N
LA Y-
BT (2

Now, let us recapitulate the discussion of this section so far. The problem
of systems of m linear equations in » unknowns amounts to describing the
range of a linear transformation 7: R" — R™. The technique of row reduc-
tion corresponds to composing 7 by a succession of invertible transformations
on R™. These transformations are those which provide the row operations;
we shall call them elementary transformations. Linear transformations can
be represented by means of the standard basis by matrices, and composition
of the transformations corresponds to matrix muitiplication. Thus, we
solve a system of linear equations as follows: Multiply the matrix on the left
by a succession of elementary matrices in order to obtain a row-reduced
matrix. Then we can easily read off the solutions. Since multiplication
by an elementary matrix is the same as applying the corresponding row
operation to the matrix it is easy to keep track of this process.
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Examples

13.  Let us consider the system of four equations in three unknowns
corresponding to the matrix

4 01

|
S —- W
—_ o N
N =N

We shall record the process of row reduction in two columns. In
the first we shall list the succession of transformations which A under-
goes and in the second we shall accumulate the products of the
corresponding elementary matrices.

(a) Multiply the third row by —1 and interchange it with the
first,

1 0 -1\ /0O 0 -1 O
3 2 2110 1 00
4 0 1/§1 0 00
01 2/ \0 O 01

(b) Multiply the first row by 3 and subtract it from the second;
multiply the first row by 4 and subtract it from the third.

1 0 -1N\/O O -1 0
0 2 51{0 1 30
00 5111 O 4 0
01 2/ \0 O 01

(c) Divide the second row by 2 and the third row by 5.

0 -1\ /0 0 -10
1 syl o 12 32 0
o 1Jlys o 45 o
1 2 0 0 0 1

OO O =

(d) Subtract the second row from and add one-half the third
row to the fourth.

10 -1 0 0 ~1 0
01 52y o 12 32 0
oo 15 o 45 0
00 o/\yi0 —12 —1110 1
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Let us denote the product of the elementary matrices by P; thus P
is the last matrix on the right and the matrix on the left is PA. Now,
it is easy to see that if PAx =y has a solution, the fourth entry of y
must be zero. Now our original problem

Ax=b

has a solution if and only if PAx = Pb is solvable (since P is invertible).
Thus b is in the range of A if and only if the fourth entry of Pb is zero:
Ax = b can be solved if and only if

bt —3b% — b 4 bt =0

If b satisfies that condition, there is an x such that Ax = b; we find
it by solving PAx = Pb:

xl—x3 = —p3
x% + $x% = 1b% + 3b°
x> = 1b' + 4p°

14.  Consider now the system in three unknowns given by

1 3 -
A=[4 2 -
3 4 -3

We row reduce as above.
(a) Multiply row 1 by 4 and subtract it from row 2; multiply
row 1 by 3 and subtract it from row 3.

1 3 - 1 00
0 —-10 6)|—-4 1 0
0 -5 3/\=-3 0 1
(b) Subtract 1/2 of row 2 from row 3; divide row 2 by —10
1 3 =2 1 0 0
0 1 =3/5){2/5 —1/10 ©
00 0/\-1 12 1

The system Ax = b thus has a solution if and only if

_bl + %bZ + b3 =0 (1.20)
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In that case the solution is given by

x4+ 3x2 - 2x3 =pt
2 _ 3.3 _ 2p1 172
X 5% —?b —1‘317

Any arbitrarily chosen value of x* will provide a solution (granted the
condition (1.20) is satisfied).

15. 2 0 0 2
A=|13 -1 1 0
2 2 00

(a) Divide row 1 by 2.

1 00 I\/1j2 0 0
3 -1 10]l0o 10
2 20 0/\0 01

(b) Subtract 3 times row 1 from row 2; subtract twice row 1
from row 3.

1 00 /12 0 0
0 -1 1 =-3)J]{-3 10
0 2 0 -2/\-2 01

(c) Multiply row 2 by —1, and subtract twice the result from
row 3.

10 0 1\/12 00
01 -1 3){ 3 -10
00 2 —8/\-8 21

Here there is no condition for the equation PAx =y to be
solvable, thus every problem Ax =b is also solvable. The solution
is found by writing the system PAx = Pb:

x' + x*=1b!
x2 — x*+3x*=3b' - b
2x? — 8x* = —8b' + 2b% + b?

Clearly, the value of x* can be freely chosen, and x', x%, x° are
easily found by the equations.
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Validity of Row Reduction

The basic point behind the present discussion is that the study of m simul-
taneous linear equations in n unknowns is the same as the study of linear
transformations of R” into R™, which is the same as the study of m x n
matrices under multiplication by m x m matrices. The matrix version of
this story is the easiest to work, if only because it imposes the minimum
amount of notation. However, the linear transformation interpretation is
the most significant, and in the next section we will follow that line of thought.
But first, let us record a proof of the main result of Section 1.1 in terms of
matrices.

Theorem 1.2, Let A be an m x n matrix. There is a finite collection
Ey, ..., E, of elementary m x m matrices such that the product E,--- E,A
is in row-reduced form. LetP =K --- E, and let d be the index of PA.

(i) The system AX="b has a solution if and only if PAXx =Pb has a
solution.

(ii) The system Ax = b has a solution if and only if the last m — d entries
of Pb vanish.

(iii) n — d unknowns can be freely chosen in any solution of Ax = b.

Proof. First of all, we may, by a sequence of row operations, replace A with a
matrix whose first nonzero column is

1
0
: (1.21)
0

namely, supposing the jth column is the first nonzero column. Thus some entry
in that column, say a,', is nonzero. Interchange the first and Jjth rows. This is
accomplished by multiplication on the left by an elementary matrix of Type 111, call
itEo. Now,EoA = (a,) witha,* #0. Multiply the first row by (&)~ ; this makes
the (1,/) entry 1 and is accomplished by means of an elementary matrix, say E,.
Now, let E, be the elementary matrix representing the operation of adding
—a(e/)~* times the first row to the jth row (this makes the (i, j)entry zero). Then
En -+ Eo A has its first nonzero column (1.21).

The proof now proceeds by induction on m. If m =1 the proof is concluded:
the 1 X n matrix (0,...,0, 1, a}sy, ..., al) is in row-reduced form. For m > 1,
the matrix E,, - - EoA has the form

0 -+ 0 1 1 )
( 0 o a) 1.22)



1.3 Linear Transformations 37

where B is an (m — 1) X (n — j) matrix. The induction assumption thus applies to
B. There is a collection Fo, ..., F, of (m — 1) x (m — 1) elementary matrices such
that F; - - - F;B is in row-reduced form. Now let

1 0 .- 0
Em+.} = (0 Fj )

Then, it is easy to compute that further multiplication of (1.22) by these matrices
does not affect the first row, and in fact,

1 1
Emey o E0A=(O 1 aj.s “")

00 F; --- FoB

which is in row-reduced form.

(i) Suppose there are x and b such that Ax =b. Then multiplication by P
preserves the equality, so PAx =Pb. On the other hand, supopse x, b are given
such that PAx =Pb. Let f; be the transformation on R™ corresponding to P.
f¢ 1s a composition of row operations which are invertible, thus f7 is invertible. In
particular, fp is one-to-one, so since fr(Ax) = fp(b) we must have Ax =b.

(ii) If dis the index of the m X n matrix PA, its last m — drows vanish. Thus for
PAx =Pb to hold for some x, the last m — d rows of Pb must vanish. By (i)
this is also the condition for Ax =b to have a solution.

(iii) The solutions of Ax =b are the same as those of PAx =Pb. This latter
system has the form

x' + axtx? + e +a,'x" = pb’
x* +as’x + o +anx" = plb’
X0 ad xtt e g = ZPJde
Clearly, x!, ..., x? are uniquely determined once x**, ..., x, b, ..., b" are known.

The b’s are restricted by the last m — d equations of Pb =0, but x**!, ..., x" are
free to take any values.

o EXERCISES
13. Compute the products AB:

1 0 0 i 0o 0
@ A=[0o 1 1] B=[0 -2 0
0 0 1 1 0 1
0 0 0 0 o 1 2 3
3 2 5 1 1 —2 3 0
b A=, o —2 o B=1, 3 o -1
6 —3 3 —2 o 1 2 3
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4
2
© A=(6321) B=|-1
8
7
4 2 8 6 0o 1
1 2 -3 0 1 0
@ A= o 1 1 o B=1y o
-1 0 —1 -1 1 1

14. Compute the products BA for the matrices A, B of Exercise 13.
15. Compute the matrix corresponding to the sequence of row operations
which row reduce the matrices of Exercise 5.
16. For the given m X n matrix A find conditions on the vector b in R™
under which the equation Ax =b has a solution.
(a) A as given in Exercise 13(a).
(b) A as given in Exercise 13(b).

© 3 2
-1 0
A=} 2 -1
0o 1
4 1
) 2 6 0 1
4 2 0 0
A=t2 1 o 1
8 6 0 —1

17. Show that if A is an m X r matrix with m > n, then there are always
b for which the equation Ax =b has no solution.

18. Verify that the composition of two linear transformations is again
linear.

19. Suppose that T: R — R™ and has this property:

T(E,) =0, ..., T(E,) =0.

Show that T(x) =0 for every x € R™.
20. Show that there is only one linear function on R" with this property:

f(El)=E21f(E2)=E3 ’e --,f(E,.)=E1

® PROBLEMS

15. Let f: R"— R be defined by f(x*,..., x") =7, x'. Show that f
is a linear function. Is the function

glx’, ..., x) = Di-, (xY)?
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linear? Is the function A(x!, x?) = x*x? linear?

16. Suppose that S, T are linear transformations of R"to R™. Show that
S + T, defined by

(8 + )(x) = 8S(x)+ T(x)

is also linear. Show that the matrix representing S+ T is the entry by
entry sum of the matrices representing S, 7, respectively.

17. Let A, B, C be n X n matrices. Show that

(AB)C = A(BC)
(A+B)C=AC+BC
AB+C)=AB+AC

Show that AB = BA need not be true.

18. Write down the products of the elementary matrices which row
reduce these matrices:

0 4 7 3 1 6 3 2 1
1 0 -5 6 2 -2 =5 4 0
0 1 0 0 3 0 3 2 1
0 0 5 1 2 3 3 6 3
0 -2 -1 1 0

19. Isit possible to apply further operations to the matrices of Exercise 18
in order to bring them to the identity? Notice that when this is possible
for a given matrix A, the product P of the elementary matrices corre-
sponding to these operations has the property PA =1. That is, P is an
inverse to A. Using this suggestion compute inverses to these matrices
also:

3 2 1 8§ 6 0 0
o 1 1 o0 0 1 0
1 o O 0 1 0 O

2 0 —1 —1

20. Find a 2 x 2 matrix A, different from the identity such that A? =L
Find a 2 X 2 matrix such that A> = —L.

21. Is the equation (I+ A)A+ B) =I+ A+ B possible (with nonzero
A and B)?

22. An n X n matrix A = (a;!) is said to be diagonal if a,' =0 for i #}j.
Show that diagonal matrices commute; that is, if A and B are diagonal
matrices, AB =BA. Give necessary and sufficient conditions for a diagonal
matrix to have an inverse.
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1.4 Linear Subspaces of R"
In the last section we saw that the equation
Ax=b

can be solved just for b’s restricted by certain linear equations and that the
set of solutions of that equation might have some degrees of freedom. In both
cases these sets are determined by some linear equations; such sets are called
linear subspaces of R". We will begin with an intrinsic definition of linear
subspace and the notion of its dimension. In the next section we shall find
a simple relation between the dimensions of the sets related to the equation
Ax =b.

Definition 4.

(i) A set Vin R"is a linear subspace if it is closed under the operations of
addition and scalar multiplication. That is, these conditions must be
satisfied:

(1) vy, v,eVimpliesv, +v,e V.
(2) reR,veVimpliesrve V.

(i) If Sis a set of vectors in R", the linear span of S, denoted [S] is the set
of all vectors of the form

vy + -+

with v;, ..., v, € S.
(iii) The dimension of a linear subspace ¥ of R” is the minimum number
of vectors whose linear span is V.

Linear Span

Having now given the intuitively loaded word * dimension” a definition,
we had better hope that it suits our preconception of that notion. It does
just that in R*: a line is one dimensional since it is the linear span of but one
vector; and a plane is two dimensional because we need that many vectors
to span it. In fact, it is precisely those observations which have motivated
the above definition. We should also ask that the above definition makes



1.4 Linear Subspaces of R" 41

this assertion true: R" has dimension #. You may need a little convincing
that this is not immediately obvious, since you do know of n vectors (the
standard basis) whose linear span is R”. But how can we be sure that we
cannot find less than n vectors with the same properties? Consider this
restatement of the notion of ‘“‘spanning”: If the vectors v,,..., v, span
R", then the system of n simultaneous linear equations

has a solution for every be R". We already know from the preceding section
that this cannot be if k£ < n, and that gives us a proof that R"” has dimension
n. We now repeat the arguments in the present context.

Theorem 1.3. If the set S of vectors in R" spans R", then S has at least n
members. Thus, the dimension of R" is n.

Proof. The proof is by induction on »# and goes like this. Supposing that
V1, ...,V Span R", one of them must have a nonzero first entry. Subtracting an
appropriate multiple of that from each of the others, we may suppose that the
remaining k — 1 vectors all have first entry equal to zero. Then they are the same
as vectors in R*~!, and since the original v, ..., v, spanned R" we can show that
these must span R"-1. Now, by induction k — 1 >nr— 1, and we have it. (Notice
that this is the same as the first step in the proof of Theorem 1.2.) Here now is a
more precise argument.

If none of the vy, ..., v, has a nonzero first entry then E, = (1,0, ..., 0) could
hardly be in their linear span. Letting a, be the first entry of v;, we may suppose
(by reordering) that @, #0. Nowletw, =v,and w,=v,—a,ai'vi forj=2,...,
k. The vectors wi, ..., w, have the same linear span as the vectors v, ..., V« (see
Problem 18); the difference is that only w, has a nonzero firstentry. Letw; = (a1, by),
w2 =(0, by), ..., W = (0, by), where by, ..., b, are in R*"*. Now, b, ..., bx span

R*™1. For let c€ R*-*. Then (0, ¢) € R", and since wy, ..., W, span R, there are
x!, ..., x*€ R such that

k

> xtw; =(0, ¢)

i=1

[

Thus x'a; + x2 -0+ -+ x"-0=0, x'b, + ---+ x*b.=c. Since a1 #0, the first
equation implies x* =0, so the second equation becomes x2b, + -+ + x*b, =c.
Thus, b, ..., b, span R"~%, so by induction k —1=n—1; that is, k >n. Thus,
dim R">#n. On the other hand, the standard basis E, ..., E, clearly spans, so in
fact dim R" = n.
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Examples

1. Linear Functions
16. Let

vl = (0’ 1’ 0, 3)

vV, = (2, 27 25 2)

V3 = (35 39 39 3)

be three vectors in R*, and let S be their linear span. Then clearly
dim S <3. But it is also clear that v; is superfluous, since v; =
3/2(v,). Thus S is also the linear span of v,, v,: if

v=a'v, + a*v, + a’v,
then we can also write
v=a'v, + (a® + 3/2(a®)v,

Thus, dim § < 2. In fact, S has precisely dim 2. For suppose there
were a vector w = (@', a®, a®, a*) which spanned S. Then we would
have numbers ¢y, ¢, such that v, =c¢,w, v, = c,w. Explicitly this
becomes

0=ca® 2=c,a!
l=ca®> 2=c,d?
O=ca 2=c,a°
3=ca* 2=c,a*

But this is clearly impossible. By the second equation we must have
¢, # 0, so by the first we must have a' =0. But 2 = ¢, a!, which
could not be. Thus, dim S = 2.

17. Let ¥ be the subset of R* given by
V={vio' +* + v® —v* = 0}

V is certainly a linear subspace of R*. We will shortly have the
theoretical tools to deduce that ¥ has dimension 3; with a little
work we can show it now. First of all, let A =(1,0,0,1),A,=
(0,1,0,1), A; =(0,0, 1, 1). Then A,, A,, Ajare all in V, and if
v=(©", v v, v*), since v* = v* + 1% + v3 we have

v="0'A; + %A, + v?A,
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Thus V is the linear span of A;, A;, A5, so dim ¥V < 3. On the other
hand, if dim ¥ < 3, then A, A,, A; can all be expanded in terms of
some pair of vectors B, B,. If we delete the fourth entry in all
these vectors this amounts to saying that the standard basis vectors
in R? can be spanned by a pair of vectors. But dim R? = 3, so this is
impossible. Thus dim V' = 3 also.

Independence

Repeating the definition once again, dimension is the minimum number of
vectors it takes to span a linear space. There is another closely allied
intuitive concept: that of ““ degrees of freedom ™ or *“ independent directions.”
In such phrases as ‘“there is a four parameter family of curves,” *“two
independently varying quantities are involved,” allusion is being made to a
dimension-like notion. Now, if we try to pin down this notion mathematic-
ally and specify the concept of independence in the linear space context, it
turns out to be precisely the requirement for a spanning set of vectors to be
minimal. In other words, the dimension of a linear space is also the maxi-
mum number of degrees of freedom, or indpendent vectors in the space.

Definition 5. Let S be a set of vectors in R*. We say that S is a set of
independent vectors if the equation

xtvy o+ X =0

with x!,...,x€R and vy,..., v, distinct elements of S implies x' =
0,...,x*=0.

The standard basis of R" is an independent set, as is very easy to verify.
We now verify that R” has in fact no more than n degrees of freedom in this
sense.

Proposition 10. Let vy, ..., V, be an independent set in R". Then k < n.

Proof. The proof is by induction on k. The case k =1 is automatically true,
since n > 1 always. Now let us proceed to the induction step (k > 1). Leta; be
the first entry of v,; we can thus write v, = (a;, b)), where b, e R"-*. 1If all the a;
are zero, then by, ..., b, are an independent set in R"~*. By the induction assump-
tion then, k <n— 1,30 k <n. Now suppose instead that some a; is nonzero. We
can reorder the given vectors so thata, 0. Letw, =vi —a, a7 lysfori>2. Then
the first entry of w, is 0, so w,=(0, ) with B, € R, Bz,...,B« are an
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independent set in R"~*, For if D¥., c¢'B, =0, then also D¥_, c'w; =0, so
k k
(—Z c‘a‘)ar yy+ > v =0
i=2 i=2

Since vy, ..., v, are an independent set, ¢*=---=c*=0, so Bz, ..., Bx are also
independent. Thus, by induction, once again k — 1 <<n— 1. Thus in every case
k < n, and the proposition is proved.

Examples
18. Let
v; =(0,3,0,2)
v.,=(511,2)
v;=(1,0,2,2)

In order to show that these vectors are independent we must show
that the system of equations

x'v + x%v, + x3v; =0 (1.23)

has only the zero solution. But this system is the same as the system
corresponding to the matrix whose columns are vy, v,, v5:

NN O =

5
1
1
2

NO WO

If we row reduce this matrix we obtain

111
01 2
PA=10 0 1
000
Now the system PAx = 0 obviously has only the zero solution: if
+x2+x3=0
¥ +2x*=0

x3 =0 (1.24)
0=0
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we find, reading upward that x> =0, x> =0, x =0. Since P is
invertible then the system Ax = 0 has only the zero solution. What is
the same, if (1.23) holds, so must (1.24), so x*> = x> = x' =0. Thus
the vectors vy, v,, v4 are independent.

19. Now let
vl = (3a 2’ 19 0)
v2 = (1, 2, 3; 1)
v;=(2,0,-2, -1

Again, let A be the matrix whose columns are v, v,, v3:

31 2
2 2 0
1 3 -2
01 -1

A row reduces to

SO O -

The system PAx = 0 has the solutions

xl= —3x2 4 2x°
x?=x*

The system Ax = 0 has the same solutions. Taking x* = 1 we have
the particular solution (—1, 1, 1). Thus

—'V1+VZ+V3=0

20. Four vectors in R? cannot be independent. Let

v, =(1,2)
v, =(0,3,0)
vy =(1,0,4)

A\ (07 1 2)
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Find a linear relation which these vectors must satisfy. If we row
reduce the matrix whose columns are the v’s, we obtain the matrix

1 3 0 1
A={0 1 -—1/6 1/3
00 1 -1

Now, corresponding to any value of x* we obtain a solution of
Ax = 0, and thus of ) x'v;=0. Take x*=1. Then

¥=x*=1
x2=3x—Ix*=1
xt=—3x*—x*= -4
Thus

——;—vl—%V2+V3+V4=0
Now, the equivalent form of these two propositions about R”, that any
spanning set of vectors has at least » members, and any independent set has
at most n members, holds for any linear subspace of R” as well.

Proposition 11.  Let V be a linear subspace of R" of dimensions d.

(i) A spanning set has no less than d elements.
(ii) An independent set has no more than d elements.

Proof. Part (i) is of course just the definition, so we need only consider part (ii).
The proof amounts to a reduction to the case where ¥ is R? and an application of
Proposition 10.

Let w,,...,w, span V; since V has dimension d there exists such vectors.
Suppose, as in (ii), that vy, ..., v, are independent vectors in V. Then we can write
each v, as a linear combination of wy, ..., w,;

v,=21a1'w; IS]Sk
Jj=

for suitable numbers a,. The vectors (a/}, ..., a,%) for j=1, ..., k are vectors in

R? corresponding to the vectors {v,}; we shall now show that they are likewise
independent. For if,

k
>elad,...,aNH=0

J=1
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then also >%_, ¢’v, = 0 by this computation:

k k d d k
=3¢ > atwi=73 (Zcfa,’)w;=0-w1+--'+0-wd
J=1 J=1 1i=1 i=1\f=1
Thus, by the independence of vy, ..., v,, we must have ¢! =0, ..., ¢*=0. Thus
the k vectors (a/, ..., a,f) are independent in R?, so by Proposition 10 d > k.

Definition 6. Let ¥ be a linear space. A basis of V is a set S of vectors
such that each v € V' can be written in the form

v=Ycv; withc’eR,v;eS

in one and only one way.

Another way of putting this is: a basis for a linear subspace V is a set of
independent and spanning vectors in V.

Proposition 12. S is a basis for the linear space V if and only if both these
conditions hold:

(i) S is an independent set,
(ii) the linear span of Sis V.

Proof. Suppose that S is a basis of V. Since every vector in ¥ can be written
as a linear combination of vectors in S, certainly (ii) is true: ¥ is the linear span of S.
Since 0 can be written in only one way as a linear combination of vectors in V, any
time we have

cvit -+ fwi=0
with ¢!, ..., ¢* in R and vi, ..., v distinct members of S, we must have ¢' =
0,...,c*=0(since 0 =0-v,+ -+ 0-v.also). Thus (i) holds: S is an indepen-
dent set.
Conversely, suppose now that (i) and (ii) are true for the set S. Then (by (ii))
any vector v in ¥ can be written

v=clvi+ -+ cw (1.25)

with ¢ € R, v, € S. This can be done in only one way because of the independence.
In fact, suppose (1.25) holds, and also

v=a'v;+ -+ a'w (1.26)

is true, with (¢* — @’ )vs + -+ (¢ — a*)v, =0, so ¢' = a' since the v, are independent.
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Dimension and Basis

The important facts to know about dimension of linear subspaces of R"
are these: such a space V always has a basis with a finite number of elements.
That number is the same for all bases and is the dimension of V, and is not
greater than n. We summarize this as follows:

Theorem 1.4. Let V be a linear subspace of R".

(i) There is an integer d < n such that V has dimension d.
(ii) Any basis of V has precisely d elements.

(iii) d independent vectors in V form a basis.

(iv) d spanning vectors in V form a basis.

Proof. (i) The proof of this part of the theorem is by mathematical induction
on n. If n=1, either ¥V ={0} or V has a nonzero vector, in which case V= R.
Thus either dim V' =0o0r 1, sodim ¥ <1. Now we proceed to the induction step.
Let us describe how it goes. We assume the assertion (i) for » — 1, and consider
R as the set of n-tuples in R"with zero first entry. If ¥V is a subspace of R, it
intersects this space in some subspace of R"~* which is, by induction spanned by
some 8 vectors, with 8 <n— 1. Now, choosing any other vector in ¥ with a
nonzero first entry, this together with the vectors referred to above will span V.
Now we make this argument precise.

Let ¥V be a subspace of R*. If ¥V ={0}, then dim ¥V =0; if not, ¥ has a nonzero
vector vo =(a', ..., a"). One of the entries is nonzero; we may, by reordering the
coordinates assume that a* 0. Let now

W={weR':0,wel}
W is a linear subspace of R"~!. For if wi, w, € W and ¢, c? € R, we also have
c'(0, w1) + ¢*(0, w2) = (0, c'wy + c2w,)

in ¥, so c¢'wi 4+ c*w. € W. Now, by the induction hypothesis, W has dimension
d<n—1. Let wi,...,w; span W. By definition of W, vi=(0,wi),...,Vs=

(0, ws) arein ¥. Now we need only show that v, v, ..., vsspan ¥V, Letve V,and
let ¢ be its first entry. Then v — c(a*)~'vo is also in ¥ and its first entry is 0. Thus
this vector is of the form (0, w) with we W. Then there are cl, ..., ¢® such that

W=Cc'Wi+ 4 cw,

Thus

v—c(@) "o = (0, W) = c*(0, w1) + - - + ¢%0, w5)
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or,
v=c(@) vo + clvy + + - - + v,

Thus, there are & + 1 vectors which span ¥, so ¥ has dimension d withd <8 + 1 <
mn—D+1=n

(ii) This follows easily from Proposition 12, If S is a basis for V (dim V = d),
then since S spans, it has at least d elements, and since S is independent it has at
most d elements.

(iii) Suppose that v,, ..., v, are independent vectors in ¥; we must show that
they span. Let voe V. By Proposition 12(ii), since dim V'=d, vo, ..., V4 are
dependent, so there exist (c°, ..., ¢) # 0 such that

o+ 4 cvg=0

If ¢® =0, since v,, ..., vs are independent we must also have ¢! =---=¢?=0, a
contradiction. Thus ¢°® #0, so vo = (—¢°)~!(c*vs + * - - 4 c%v,) as desired.
(iv) Suppose that vy, ..., v, span V. If they are dependent, then the equation

e'vit -+ eva=0
holds with at least one ¢! #0. If say ¢" #0, then
Ve =(=¢) Vit CT e Yt V)

SO Vi, ..., V4, With v, excluded, also span V. Hence, ¥ has dimension at most
d— 1, a contradiction, so we must have had v,, ..., v, independent and thus a
basis.

This final proposition, whose proof is left as an exercise, is an indication of
the (theoretical) ease in finding bases.

Proposition 13. Let V be a linear subspace of R" of dimension d.

(i) Any set of vectors whose span is V contains d vectors which form a basis.
(i) Any set of independent vectors in V is part of a basis for V.

Examples
21. Find a basis for the linear span ¥ of the vectors

v, =(4,3,21)
v,=(5221)
v3=(0,1,0,1)
ve=(1,0,0,1)

and express V' by a linear equation.
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We want to find all vectors b of the form
Y xtv;=b 1.27)

and we want to find a basis for such vectors. Now (1.27) is the
system corresponding to the matrix A whose columns are the vectors
¥y, V,, V3, V4. The span of these vectors is just the range of A. If
P is a product of elementary matrices row reducing A, then any vector
b is in the range of A if and only if Pb is in the range of PA. Thus by
row reduction we should easily be able to solve our problem.

—_— N W A
- N N h
—_ o= o
—_O O

The end result of row reduction produces

11 1 1 00 0 1
01 -1 0 10 0 -4
PA=100 1 -1 P= 00 —12 1
00 0 0 1 1 =32 -4

Thus, the range of A is obtained by setting the fourth entry of Pb
to zero:

V = range of A = {(b%, b%, B>, b*): b* + b* — 3b> — 4b* =0}
V has dimension at least three since it contains the independent vectors

4,0,0,1),(0,4,0,1),(0,0,2/3, —1/4). On the other hand, V # R*,
sodim ¥V < 3. Thus, dim ¥ = 3 and these three vectors are a basis.

22. Find a basis for the linear subspace ¥ of RS given by
the equations

5x0+8x2 +3x% 4+ x*+x5=0
xt — x3— x3=0

x4+ 2x* =0

We are seeking the solution space of Ax = 0, where
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Row reduction leads to
1 0 -1 0 -1
PA={0 1 0 2 0
0 0 -2 -—15 6

and Vis the set of x such that PAx = 0. Accordmg to these equations
x* and x° are to be freely chosen and x!, x%, x* determined by this
choice. Thus, dim V'=2. Choosing (x x5) =(1,0), (0,1), re-
spectively, we obtain as a basis

(4%, -2, -151,0) (4,0,3,0,1)

o EXERCISES

21, What is the dimension of the linear span of these vectors ?
(a) Vi =(_1, 2! _13 0)

V2 = (2, 5, 7, 2)
vs=(0,2,1,1)
v+=@(3,5171)
b)) vi=(—-1,0,2,1)
v.=(2,2,—-2,2)
vs=(1,1,1,1)
€ vv=(0,211
v.=(1,7,3,3)
va=(0,0, 0,1)
v.=(,3,1,2)
vs=(1,5,2,2)
@ vi=(,01,1,1

V2 —(1, 0, 0, 1 l)
vs=(0,1,0,1,0)
22. What is the dimension of the space S given by these equations:
@ S=&xeR:x'+x2—x*—x*=0,x'+x*=0}
b) S={xeR:x2+x*+x5=0,x'—x*+x*=0
x!—x2—x3—x5=0}
©) S={xeR:x*"+x*+x3=x3—x2—x'+x%
23. Determine the linear span of these vectors by a system of equations
@@ v.=(1,0,0,1)

v2=(0,1,1,0)
vs=(0, 1,0, 1)
(b) Vi = (2’ 2’ 6’ 2)
v2=(1,2,3,0)
vs=(0,1,0,—1)
© vww=(@1,01
v.=(—1,1,1)
@ v,=(,0,00,0)
v.=(2,0,1,0,1)
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24. Are these vectors independent ?
(@) vi,..., Vs as given in Exercise 21(c).
(b) vi, V2, Vs as given in Exercise 23(a).
© v1=(0,2,0,2,0,6)
v.=(,1,—-1,—1,1,1)
vs=(2,4,6,8, 10, 12)
v.=(0,0,—-2,—2,0,0)
vs=1(0,1,0,0,1,0)
vo=(1,1,1,1,1,1)
25. Find all linear relations involving these sets of vectors.
(a) V1 =(0, 1, 1)

V2 = (5, 3, 1)
vs=(0,2,0)
vo=(1,—1,1)
® vv=(0,2072)
v.=(0,1,0,0)
Va3 =(0, l, 0, 1)

v+=(0,0,0,1)
vs=(1,0, —1,0)
© v1=(0,0,0,0
v.=(,1,1,1)
vs=(,1,0,0)
v.=(0,0,—2, —-2)
26. Find a basis for the linear subspace of R® spanned by (0,0, 0, 1, 1),
0,1,0,0,0,(1,0,0,0,1),(1,1,0,0,1),(2,1,0, 1, 2)
27. Find a basis for these linear spaces:
@ .., xNeR:x'+2x*+x3=0,x' +2x*+ x5=0,
x4+ x5 =0}
() {&4...,xHeR: x'—x*+x*—x*=0,x' — x*=0}
28. If the given vectors on R® are independent, extend them to a basis:
(@ (0,0,0,0,1),(0,0,0,1,1),0,0,1,1, 1)
® 4,52,0,-3),6,7,0,2,1D,1,0, -1, -2,0,(1,1,1,1, 1)
© 4,4,3,2,1),3,3,3,2,1),(2,2,2,2, 1)

e PROBLEMS

23. Suppose we are given k vectors vi,...,v, in R Let w;=v,,
Wo=V2—fB:vs,..., We =V, — Byv, for some numbers B, ..., B:. Show
that the sets {v, ..., v} and {wy, ..., w;} have the same linear span.

24, The proof of Theorem 1.3 proceeds by assuming that the set S con-

sists of the vectors vi,...,v,. What of the case where S has infinitely
many elements ?

25. Prove Proposition 13.
26. Show that if ¥, W are subspaces of R", sois V n W.
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27. Show that if A is obtained from B by a row operation, the linear span
of the rows of A is the linear span of the rows of B.

28. Show that if A is a row-reduced matrix the dimension of the linear
span of the rows of A is the same as its index.

1.5 Rank + Nullity = Dimension

Now let us apply the propositions of the preceding section about linear
spaces, and in particular the notion of dimension, to the subject of linear
transformations. There are certain obvious linear spaces to be associated
to a given transformation.

Definition 7. Let 7: R* » R™ be a linear transformation.
(i) The set
K(T)= {ve R": T(v) =0}
is a linear subspace of R", called the kernel of T. Its dimension is the nullity
of T, denoted w(T).
(ii) The set
R(T) = {T(v): ve R"}

is a linear subspace of R* called the range of 7. Its dimension is the rank
of T, denoted p(T).

Theorem 1.5. Let T: R* — R™ be a linear transformation. We have
n=wT)+ p(T)
that is, dimension = nullity + rank.

Proof. For short, write v(T) as v. Letvy,..., v, be a basis for the kernel of T.
Let v,,1,..., V. be the rest of a basis for R vy, ..., ¥, Vos1,..., Va thus span
R Let w,=T(,) for j=v+1,...,n Now the crux of the matter is this:
W41, ..., W, form a basis for the range of 7. Once this is shown, we will have
o(T) = n — v, which is the desired equation.

(i) Letwe R(T). Then thereisave R such that w = T'(v). Expand v in the
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basis vy, ..., Va: v=c'v;+ 4+ v,. Then
w=T) =T(c'vi+ + V)

=c'T(v)+ -+ Tw)+ T (Vi) + -+ -+ T(v)
="MWy 00 O,

The second line is justified since T is linear and the third follows since vy, ..., v, are
in the kernel of T and T(v,11) =Wy+1, ..., T(vs) =w,. Thus these last vectors
span R(T).
(ii) Wy+1,..., w, are independent. Suppose
W+ oW, =0 (1.28)

We must show that the {¢’} are all zero. In any event, from (1.28) we have
T ' yr1 4+ V) ="' TWs )+ + ¢"T(v,) =0

s0 ¢+ o+ eV, € K(T). Vi, ..., v, span K(T) so there are c',..., ¢’ such
that

Sty + OV =l o,

or
(=it (=W, + v+ =0
Since vy, ..., v, are independent, all the ¢’ are zero, as required. The theorem is
proven.
Examples

23. Let T: R* — R? be given by the matrix

13 27
A=[0 0 1 1 (1.29)
0100

We can completely analyze this transformation by row reduction.
A easily row reduces to

1 3 27

0100 (1.30)
001 1
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merely by interchanging the last two rows. Thus, letting P be the
transformation corresponding to

1 00
0 01
010

we know that PT is the linear transformation corresponding to (1.30).
Now, the range of PT is easily seen to be all of R?, and the range of
T is P~ (range of PT), which is again all of R?, so p(T) =3. The
kernel of T is the same as the kernel of PT, which has the equations
given by (1.30):

X432 +233 +Tx* =0
x2=0 (1.31)

2+ x*=0
The set of all such solutions is found by letting x* take on all real
values and solving for the remaining coordinates by (1.31). Thus

K(T) = {(=5t,0, —t, t): t € R}, which is one dimensional.

24. Let T: R* - R* be given by the matrix

2
1
2
-1

N WO -

1
1
—1
-3

N WO~

Let us row reduce this matrix, keeping track of our row operations:

1 11 2 1 0 0 O

o 10 1\ o100

o —40 —4]l-3 010

0 -5 0 -5/ \—=2 00 1
111 2 1000
010 1 [ o100

PA=1o 000] F={-3410
000 0 250 1

Now, the kernel of T is easy to find; it is the same as the kernel of
the transformation S corresponding to the last matrix PA (because
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S = the composition of T by an invertible transformation). Now the
kernel of S, and thus also of T, has, corresponding to the matrix PA,
the form:

x+x?P+xd+2x4 =0

x? + x*=0
0=0
0=0

or x2= —x* x' = —x* — x*. Thus,

KT = {(-(u+v), —v,u,0): (u,v) e R?}

so ¥(T) =2. The range of T is a little harder to find. If R is the
transformation corresponding to the product of the elementary
matrices on the left, then S = R - T, so the range of T is R™! of the
range of S, which has the equations x*> = x* = 0. (That is, the vector
(®', ..., 5% is in the range of S if and only if there exist (x!, ..., x*%)
such that

x' 4+ x? 4+ x3 4+ 2x* = b?
x4+ xt=p?

0=>53%

0=0>5*

The necessary and sufficient condition is b*> = b* =0.) Thus the
necessary and sufficient condition for v to be in the range of T is that
Pv be in the range of S; that is, the third and fourth coordinates of
Pv must vanish:

“3xl+4x*+x*=0
—2x!—5x2 4+ x*=0

Thus, p(T) = 2.

25. Let us do one more example briefly. Suppose that T: R? - R®
corresponds to the matrix

0

=0 N -
L B VS

1
1
1
3
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This matrix can be row reduced to

g

Il
cooco~
ococo~o0o
=R

by multiplication on the left by this matrix

1 0 0 00

-2 1 0 00

P=y 2 -1 1 00
1 -1 0 10

-1 -1 -1 -1 1

The kernel of T can be found by looking at the row-reduced form A ;
it is the set of x = (x', x2, x*) in R® such that Ax = 0. Precisely, we
must have x' + x*> =0, x>+ x*=0. Thus a vector is in K(T) if
its first and second coordinates are the negative of the third; that is,
K(T)={(—t, —t,t): te R}. Thus wT)=1. The range of T is
the set of x =(x!, ..., x°) such that Px is in the range of A (since
A =PT). The 5-tuples in the range of A are precisely those with
third, fourth, and fifth coordinates zero. Thus the third through fifth
coordinates of Px must be zero for x to be in the range of T.  Specifically
R(T) is the set of simultaneous solutions of

2xt — x2 + x° =0
x! — x? + x* =0
—xl—x2=x3—x*+x*=0

We can take x!, x? as free variables and use these equations to define
x3, x*, x3; thus

R(T) = {(u, v — 2u, v — u, 30 — 2u): (u, v) € R?}
so p(T) = 2.

These examples illustrate the fact that Theorem 1.5 can be formulated
purely in terms of matrices. We now do just that.
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Proposition 14. Let A be an m x n matrix, representing the linear trans-
formationT: R" ->R™. Then

oT) = number of independent columns of A
= number of independent rows of A
= index of the row-reduced matrix to which A can be reduced.

Finally, we can also reformulate Theorem 1.5 as a conclusion for systems
of linear equations, thus bringing us to the ultimate version of Theorems 1.1
and 1.2.

Theorem 1.6. Suppose given a system of m linear equations in n unknowns,
and suppose d is the index, or rank, of the corresponding matrix A. Then

() d<sm,d<n.
(i) {x: Ax = 0} is a vector space of dimension n — d.
(iii) {b: there exists a solution of Ax = b} is a vector space of dimension d.

® EXERCISES

29. Describe by linear equations the range and kernel of the linear trans-
formations given by these matrices in terms of the standard basis:

@ fo 1 o 2
2 3 —1 o0
4 1 1 1
® /o 6
2 3
4 1
1 7
© 31 1 2
8 0 0 O
4 -1 2 2
-1 0 3 4
@ /8 o0 o 1 6
1 3 0 2 6
0o 0 1 2 2

30. Find bases for K(T), R(T) for each T given by the matrices (a)-(d) of

Exercise 29.

31. Let f: R"— R be a nonzero linear function.

Show that the kernel

of fis a linear subspace of R" of dimension #n — 1.
32. Let f(x*,...,x") =27, x*. Find a spanning set of vectors for the

kernel of f.
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e PROBLEMS

29. Let T: R"— R™ be a linear transformation. Then K(T) and R(T)
are linear subspaces of R", R™, respectively.

30. Let T be the transformation represented by the m X n matrix A.
Show that R(T) is spanned by the columns of A. Show that

K(T) ={(x", ..., x): 3 Cix) =0}
=1

where C,, ..., C, are the columns of A.

31. Let we R*. Define | (w) as the set of v such that >7.; v'w! =0.
Show that for w # 0, | (w) is a subspace of R" of dimension n — 1.

32. Let S < R". Define |.(S) as the set of v such that D7, v'w* = 0 for
allwe S. Show that | (S)is a subspace of R, and dim | (S) + dim[S] = .

1.6 Invertible Matrices

In this section we shall pay particular attention to the collection of linear
transformations of R" into R"—or, what is the same, the n x » matrices.
From the point of view of linear equations this is reasonable; for it is usually
the case that a given problem will have as many equations as unknowns.

First of all; it is clear that there are certain operations which are defined
on the collection of all linear transformations of R", thus making of this set an
algebraic object of some sort. We collect together all these notions in the
following definition.

Definition 8. The algebra of linear operators on R" denoted by E", is the
collection of linear transformations provided with these operations:

(i) iffisin E", and cis a real number,
(f)x) = ¢f(x)

(ii) if £, g are in E", f+ g is defined by
(f+ g )x) = f(x) + g(x)

(iii) fo g is defined by

(fo 9)x) =f(g(x))
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It is important to think of the elements of E" as functions taking n-tuples
of numbers into n-tuples of numbers; but in working with them it is convenient
to represent them in terms of the standard basis by matrices. Thus, we are
led to consider also the algebra M” of real n x n matrices with the operations
of scalar multiplication, addition and multiplication, the definitions of which
we now recapitulate.

Definition 9. The algebra M" is the collection of n x n matrices provided
with these operations:

(i) If A = (a;') isin M", and c is a real number,
cA = (ca;’)
(ii) If A = (a;’) and B = (;") are in M", then

AB = ( Z akibjk)
k=1

The two algebras E", M" are completely interchangeable, for M” is just
the explicit representation of E" relative to the standard basis.

Now the operations on M" obey certain laws, some of which we have
already observed in previous sections. Let us list some important ones.

Proposition 15. These equations hold for all n x n matrices A, B, C and all
real numbers k.

() k(A +B)=FkA + kB
(i) C(A +B)=CA + CB
(i) (A +B)C = AC + BC
(iv) A(BC) = (AB)C

If A is a given matrix, we shall let A® denote A- A, A=A -A-A, and
in general A" is the n-fold product of A with itself. Since we may also add
matrices, and multiply by real numbers, we may consider polynomials in a
given matrix. That is, A® +3A + A, A7 4+ 37A% + AS, .... In fact, if
we adopt the usual convention that A° =1, then for any polynomial
P(X) =370 ¢, X"in the indeterminate X, we may consider the matrix p(A) =
%o cA. A most remarkable observation can now be made, by noticing

that the collection M" of n x n matrices is the same as the collection R™ of
n*-tuples of real numbers.
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Proposition 16. Given any n x n matrix A, there is a nonzero polynomial
p of degree at most n® such that p(A) = 0.

Proof. An element of M" is a rectangular array of n? real numbers, thus corre-
sponds to an element of R">. We may make this correspondence explicit, by, say,
placing the rows one after another. That is, the matrix (a,*) corresponds to the

vector (a:}, ..., al, ai%, ..., a2 a® ..., a}_y,a") in R™. In any event, the notions
of sum and scalar multiplication is the same in the two interpretations. Now con-
sider the matrices I, A, A2, ..., A”>. These n2+ 1 vectors in R* cannot be inde-

pendent so there are real numbers co, ¢y, ..., ¢,2, not all zero, such that
C2A” + -+ AP+ A+ ol =0

Thus the proposition is verified with p the polynomial
pPX)=c . X"+ -+ X +aX+co

We may rephrase this proposition in this way: Every matrix is a root of some
nonzero polynomial equation with real coefficients. From the purely
algebraic point of view this formulation is of some interest and raises the
converse speculation: given a polynomial with real coefficients, does it have
some n x n matrix as a root? We shall verify this fact, and with » no greater
than two. More precisely, we shall, in a later section, introduce the system
of complex numbers as a certain collection of 2 x 2 matrices, and later verify
that every real polynomial has a root in the system of complex numbers.
This is known as the fundamental theorem of algebra.

Now, a linear transformation in E" is invertible if it has an inverse as a
function from R" to R". For this it must be one-to-one and onto; that is,
it must have zero nullity and rank n. We have seen (n = rank + nullity)
that either of these assertions implies the other. Now it is clear that these
assertions must be expressible in terms of matrices; we now do that.

Definition 10. The n x n matrix A is invertible if there is a matrix B such
that BA = I = AB. In this case B is said to be an inverse for A.

Proposition 17.  An invertible matrix has a unique inverse.
Proof. This is clear: if B, C are inverses to A, then all these equations hold:
BA=1=AB CA=I=AC
Then

B=BI=B(AC)=(BA)C=IC=C
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We shall denote the inverse of a matrix A, if it exists, by A~*. The relation-
ship between matrices and linear transformations gives us this propostion:

Proposition 18. Let A be an n x n matrix. These assertions are equivalent:

(1) A is invertible.

(il) A represents an invertible transformation.
(iii) There is a matrix B such that BA =1.
(iv) There is a matrix B such that AB = L
(V) A has index n.

Proof. We have already seen (in discussing systems of linear equations) that (ii)
and (v) are equivalent. By definition (i) implies both (iii) and (iv). Thus we have
left to prove that (i) and (ii) are equivalent, (iii) implies (i), and (iv) implies (i).

(i) implies (ii). Let A be the given invertible matrix, and T the transformation
it represents. Let S be the transformation represented by the inverse, A~%, of A.
Since A-A"*=TI=A"'A, we have 7- S=1=S-T. Thus § is inverse to T, so
(ii) holds.

(ii) implies (i) by the same kind of reasoning with the roles of matrix and trans-
Sformation interchanged.

(iii) implies (). If T is the linear transformation represented by A, then by (iii),
there is a transformation § such that S o T=1 Thus, if 7(x) =0 we must also
have x = S(T(x)) = S(0) =0, so T has nullity zero and is thus invertible. Thus
(iii) implies (ii), so also implies (i).

(iv) implies (i). If again, T is the transformation represented by A, by (iv) there
is a transformation S such that To § =I. This implies that 7 has rank » and thus
is invertible.

Computing the Inverse

Now, it is clear that the question of invertibility for a given matrix is
important and that the problems arise of effectively deciding this question
and of effectively computing the inverse, if it exists, To ask that the rows
(or columns) be independent, or span R", while responsive to this question
hardly provides a procedure for determining invertibility. We shall now
introduce two such procedures: one is a continuation of row reduction and
the second is based on the notion of the determinant. The determinant is a
real-valued function defined on the algebra M" of n x n matrices; its basic
property is that it is nonzero only on the invertible matrices. We shall
depend heavily on the determinant in the study of eigenvectors (Section 1.7).

In Section 1.9 we shall explore the connection between the determinant and
the notion of volume in R3,
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In order to verify the critical properties of the determinant function it is
necessary to return to the elementary matrices, for they provide a technique
for decomposing an invertible matrix into a product of simple ones, and as
a result, a technique for computing inverses. We recall these facts: the
elementary matrices are the matrices which represent the row operations.
Since the row operations are invertible, so are the elementary matrices
invertible. For any matrix A there is a sequence P, ..., P, of elementary
matrices such that B=PP,_, --- PyA is in row-reduced form. The index
of A is the number of nonzero rows of B. We augment these facts by this
further observation:

Proposition 19. Suppose that A is an invertible n x n matrix. There is a
sequence P,, ..., P, of elementary n x n matrices such that P, --+ PoA is the
identity matrix:

P! b PoA = I
Proof. The proof will be by induction on n. It is a slight modification of

Theorem 1.2. The first column of A is nonzero since the columns of A must be
independent (A is invertible). As we have seen in the proof of Theorem 1.2, there

exist elementary matrices Py, ..., Py such that the first column of P, - - - PoA is E;.
Thus,
1 n—1
1A' 1
P PoA = 0 A;2] n—1

Since P, -+ PoA is invertible so is Az? (see Problem 37). Thus the proposition
applies to A,2. There is a sequence Qs, ..., Q1 of elementary (n— 1) X (n—~ 1)
matrices such that Q; - - - Qx+1A22 =1. Let

1 0 .
P,=(0 Q,) forj=k+1,...,5

1 A! N A‘)
P, - PoA= 0 Q - QA =10 1

Now the matrix

o 1)

is the product Psin—; - -+ Psi1 Of elementary matrices corresponding to these row
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operations: subtract a,' times the jth row from the first row, j =2, ..., n. Finally,

1 —AN[{1 AY {1 0
P’*““"'P°A=(0 I )(0 I )=(0 1)=I

as required.

This proposition provides us with an effective way for computing inverses;
we just continue the process of row reduction until we obtain the identity.
Then the corresponding product of elementary matrices is the inverse.

Examples
26.
1 2 2
A=[-3 4 2
1 0 8
Row reduction Product of elementary matrices
1 2 2 1 00
0 10 8 310
0 -2 6 -1 0 1
10 & & = 0
0 1 & ST
0 0 Ig —i5 = 1
100 %g_g "12910 “TIE
010 1195'6 11950 _12_9
0 01 — > 19
Thus
137 —-21 -10
A"l=37L51 65 15 =20
-10 5 25
27.
2 1 2 i
_ 1 01 2
A= -1 -1 0 1
-1 4 1 -—-24
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1 01 2\ /01 0 O
2 1 2 1 1 000
0 -1 1 3110 1 1 0
0 4 2 -22/\0 1 0 1
1 01 2 0 1 00
010 -3 0 -2 0 0
0 01 0 1 -1 10
0 0 2 -10 -4 9 01
1 00 2 -1 2 -1 0
010 =3 1 =2 00
0 0 1 0 1 -1 1 0
00 0 -10 — 11 -2 1
1 000 —22 4z 12 =
0100 28 33 i
0010 1 -1 1 0
000 1/\ & -H & -%
Thus,
-22 42 -12 2
Al= L 28 —53 6 -3
T Io 10 —10 10 0

6 -—11 2 -1
The Determinant Function

The determinant of a matrix is a pretty complicated concept; before going
into a study of it and its properties, we shall first see how to compute it.
Looking ahead, the method of computation comes from Equations (1.35)
and (1.36), but we shall not use those equations to derive it. Instead we shall
simply describe the technique for finding determinants.

The determinant of a 2 x 2 matrix is defined by

det (‘c‘ Z) — ad — be

The determinant of a 3 x 3 matrix is found as follows. First, select
arow. The determinant will be a sum of the products of the elements of that
row with j numbers, called their cofactors. The cofactor of the (7, j)th entry
is (—1)**/ times the determinant of the 2 x 2 matrix remaining when the ith
row and jth column are deleted.
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Examples

28. Compute the determinant of

1 3 2
A=[-1 4 0
7 -2 1

If we select the first row we find

det A = 1[4(1) — (—=2)0] — 3[(— (1) — 7(0)] + 2[(—1)(—2) — 7(4)]
= —45

Selecting the second row:

det A = —(—=D[3(1) — (=2)2] + 4[1(1) — 2(7)] + O[....]
= 45

Selecting the third row:

det A = 7[3(0) — 4(2)] — (=2)[1(0) — 2(— 1)] + [1(4) — 3(-1)]
= —45

Now, we could also have selected a column first, and proceeded in the
same way. For example, selecting the second column:

det A = —3[(=1)1 — O(7)] + 4[1(1) — 7(0)] — 2[1(0) — 2(—1)]
= —45

Now, in general, the determinant of the n x n matrix is found in
the same way. Select a row (or column). The determinant is the
sum of the products of the entries in that row (or column) with their
cofactors. The cofactor of the (i,j)th entry is (—1)'*/ times the
determinant of the (n — 1) x (n — 1) matrix remaining when the ith
row and jth column are deleted.

29. Let
4 3 1 0
2 6 0 -1
A= 1 00 4
211 -1
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Select the first row

6 0 -1 2 0 —1
det A = 4 det (O 0 4) — 3 det (1 0 4)
1 1 -1 21 —1
2 6 -1 2 60
+ det(l 0 4) -0 det(l 0 O)
21 -1 211

We now compute the determinants of the 3 x 3 matrices by taking
advantage of the location of the 0’s. Select the second column in the
first three, and don’t bother with the last since its factor is 0:

det A = 4(— D[6(4) — 0(— )] — 3(— D[2(4) — 1(=1)]
+(=6)[1(-1) = 4(2)] - [2(9) - I(-D)]
= -24.

30.

>

]
N0 O RN
—_——0 W N
BN o -
-0 O = O
— e D O

Select the third row:

det A = (—1)3*3(2) det

[\S - S -
— ) N

Select the third column:

6 2 -1 6 2 -1
det A =2(—1)2*3det(8 1 1} +(—=D**3(—1)det|{4 3 O
2 1 1 8§ 1 1

=96

We turn now to the theory of determinants. We begin with a dfeﬁnitk_m
of the determinant function which is appropriate to the theoretical dis-
cussion and then verify that it has the multiplicative property:

det(AB) = det A - det B
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The formulas (1.35) and (1.36) below which form the basis for the preceding
computations will result from a rewriting of the formula for the determinant.

The determinant of an # x n matrix can be described in this way: it is
the sum of all products of precisely one element from each row and column,
with appropriate signs. Our first business is to determine this appropriate
sign. A selection of precisely one element from each row and column is
described as follows: In the first row we select a certain element, say in the
n(1) column. In the second row we select an element, coming from a different
column, say n(2). We have n(2) # n(1), and so forth. We select the ele-
ment d’; in the ith row and =n(i)th column, making sure that the numbers
n(1), ..., n(n) are all distinct. These numbers then form a rearrangement,
or permutation of the numbers 1, ..., n. To form the determinant then, we
consider all products

1 e
(1) " Guim

as n ranges over all permutations of the numbers 1,...,n. A partictlar
kind of permutation is an interchange of two successive integers:

11
2-2

i»i+1
i+1-1i
n-on
(We consider the integers as arranged in a circle, so that 1 is the successor to
n) Now itis a fact about permutations, that any permutation consists of a
succession of such interchanges. There may be many ways to build up a
given permutation by these simple interchanges, but the parity of the number
involved is always the same. That is, if we can write a given permutation as a
succession of an even number of interchanges, then every way of writing that

permutation as a succession of interchanges will involve an even number.
For example, consider the permutation on four integers

123453142

This is obtained by this succession of interchanges:

W W W=
_—— k) W= N
BN =W W
[ S S S g e
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Here is a better way of doing it:

1234
1324
3124
3142

Either way, there is an odd number of interchanges involved. We shall not
verify these facts about permutations; the verification would be tangential
to our present study. However, we shall use these facts. We shall say that
a given permutation is even if it can be formed by an even numbered succession
of interchanges; the permutation is odd if an odd numbered succession of
interchanges is required. For any permutation =, its sign, denoted &(n)
will be +1 if mis even, and —1 if 7 is odd. There is another way of defining
the sign function on permutations which is described in Problem 36. This
description does not involve the notion of interchange.

Definition 11. If A = (a;") is an n x n matrix its determinant is

detA= Y em)]]a (1.32)

all permutations ©

We shall now show that det A # 0 if and only if A is invertible, by showing
in fact a stronger statement: det (AB) = det A - det B.

Lemma 1.
(i) detI=1.
(i) If A has a zero row, det A = 0.

Proof.

(i) Writing I = (as}), we have ai =0, unless #(i) =i. Thus, the sum (1.32)
has only one nonzero term, that corresponding to the identity permutation. Since
eacha'=1,detI=1-1---1=1. ,

(i) If the jth row of A is zero, each term of the sum (1.32) has a factor ax;, =0,
so is zero. Then det A =0.

Lemma 2. If P is an elementary matrix, and A any matrix,

det(PA) =det P - det A (1.33)

Proof. Let A = (a;'), PA =(b)").

Type 1. If P multiplies the rth row by ¢, then

det PA =2 &(m) 16ty = Z e(m)aray - Cauen **° Qumy
=1

= Z E(ﬂ)c fl a,‘,u) =cdetA
i=1
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In the special case A =1, we have detP =det(PI) =cdetI=c. Thus (1.33)
holds in this case.

Type II. Suppose now P interchanges the rth and sth rows. Let 7 represent
the permutation which interchanges r and s. Thus, b, = aj”. Now we compute:

det PA => e(m) [ 1 by = 2 e(mI T axl
=1
Now we change the index of summation. Let 7 =7 - %, and sum over 7.
det PA =3 e(r - n) [ 1 atify = =2, &) [Ilai'((vf(’m

The sign changes since 7 is an interchange; thus, if 7 is even, 7 - 7 is odd. Now the
product [ [i-1 a%}s, is the same as the product [ J{-1 at, (another change of index)
so

det PA = z 6(7’) 1__[ aé(,) = —det A
=1

In particular, det P = det(PI) = —1, so (1.33) holds in this case.

Type III. Suppose that P adds « times row r to row s. Then b)! =a,  if i#s
and b =a,' + a«a/. We now compute

det(PA) =3 &(m) 11 bley

=2, &(m) ‘I_—{ aky + o D, &(m) H ki) iy Aris)y 134
s
tzr
The first term on the right is det A. The second term is zero. We can see that by
splitting up the sum into odd and even permutations. Let n represent the inter-
change of r and s. It is important to note that the odd permutations are just those
of the form = - n, where = is even. Thus the last term in Equation (1.34) is

i . . .
Tl ako @iy o — 2 TT akay * @ny * @y

neven I#r,s rnodd {#r,s

= [N . ! T

= Z H Qngi) * Aner) * Qnes) — Z 1_[ An(n(1y) Anntr) Brin(sy)
neven {#r,s revem i#r,s

i
T at(@hn @) — @iy Ty =0

meven f(#r,s

Thus, det PA =det A. In particular, detP =1, so (1.33) is verified also for
Type III elementary matrices.
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Now, lemma is a word denoting a logical particle of no particular intrinsic
interest, but of crucial importance in the verification of a theorem. Here
now is the main theorem concerning determinants.

Theorem 1.7. A matrix M is invertible if and only if det M # 0. det AB =
det A - det B for any two matrices.

Proof. Suppose M is an » X n matrix which is not invertible. Then there are
elementary matrices P;, ..., Py such that P, -+ P;M is row reduced and has zero
rows. Thus, by the above lemma

0 =det(P; - - PoM) =det P, - det P,_, - det Py - det M

Since the determinant of an elementary matrix is nonzero, we must have det M = 0.
On the other hand, if M is invertible, there are elementary matrices Ps, ..., P, such
thatI = P;-- - PoM. Then

1=detI=detP, -detP,_, ---det P, - det M

Thus det M #0.
Now let A, B be two n X n matrices. If one of A or B is not invertible, neither
is AB, so det AB =0 and either det A =0 or det B=0. In any case

det AB=det A-detB

istrue. If 4 and B are invertible, there are elementary matrices Py -+ Po, Qs *** Qo
such that

P, PA=I=Q, - Q.B
Then

Q. " QoP,* PeAB=Q, - QoP; - PoA)B =Q, -~ QoB =1
Thus

det Q, -+~ det Qo - det P, - - - det P, - det(AB) =1
det Q, -+~ det Qo - detB=1
detP, -+ detPo-detA=1

Thus again det(AB) = det A - det B.

Notice that the formula det AB = det A - det B is far from transparent on
the basis of the definition above. In fact, it is not at all derivable without
some information regarding the structure of n x n matrices. We have a
means of computing A~ for a given invertible matrix A; namely, the process
of row reduction. But we have not given explicitly any formula for the
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inverse. Such is provided by the cofactor expansion of a determinant. This
formula is of theoretical interest, but not of any great computational value,
As far as computations are concerned, the surest and quickest route to the
inverse is the process of row reduction.

Let A be an n x n matrix. The adjoint matrix of an entry of A is the
(n — 1) x (n — 1) matrix obtained by deleting the row and column of the
given entry (see Figure 1.13). Let A/ be the adjoint matrix of the entry a ;M
Then the inverse to the matrix A (if it is invertible) is easily given by the
determinants of the adjoints: the (i, j)th entry of A~ ! is

det A!

11+1
=1 det A

More precisely we have these formulas (the explicit version of AA™! =
A"'A =) known as Cramer’s rule:

det A = ,-21(— 1)*iaj det A/  foralli (1.35)
det A = i;(— 1)*iaj det A} for all (1.36)
0= Jé:l(—l)i”a jdetAJ  foralli#k (1.37)
0= 21(_ 1)*iaj det A} forallj#k (1.38)

7////////////////'

?\X\\\\\\x\\mxw

Figure 1.13
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The verifications of these formulas are simpler than it may seem; they can
be based directly on formula (1.32). For example, let us verify (1.35). First
fix a row index i. We shall break up the sum in (1.32) into n parts: those
permutations taking i— 1, i—2,...,i—»n. Consider, for a fixed column
index the permutations taking i —j. (That is, those = for which n(i) = j.)
These are precisely the same as all permutations on the indices of the
matrix adjoint to aji (those permutations which take the integers 1, ..., n,
except for i, into the integers 1, ..., n, except for j). Thus the terms appear-
ing in the sum (1.32) which have a;' as a factor, are the same as those in
(1.35): we must now verify that the signs agree. Let ¢ be a permutation on
the indices of the adjoint to a;'. The corresponding permutation n of
(1, ..., n) does the same as 7 and takes i into j. The number of interchanges
involved in building this permutation is just that for 7, with the interchanges
required to send i to j. The last number is j — i, which has the same parity
as i +j. Thus, &(n) = (—1)'*/e(r), so the signs of corresponding terms in
(1.32) and (1.35) also agree. Thus (1.35)is true. We shall leave the verifica-
tions of the other formulas to the exercises. (Equations (1.37) and (1.38)
require a small trick.)

Cramer’s rule allows for a simple description for solving the equation
Ax = b when A is an invertible n x n matrix. Let A) be the matrix obtained
by replacing the ith column of A with the column b. Then the equation
Ax = b, which is the same as x = A~ 'b, turns out, according to Cramer’s rule
to read

, det A®

x' = <i<n
det A

This is checked out by unraveling all the definitions and applying the formulas
of Cramer’s rule: since x = A™'b,

n o 1 n . -
- “1yipi = —— Y (—1)"* det A
x j;l(A )J b det A jZ:l( )

But the summation is just the determinant of the matrix obtained by replacing
the ith column of A with the column vector b! Thus we can solve by taking
quotients of determinants.

Example
31. Solve the equations
xt42x?— x*=2

x+ x2+3x*=0
2t +2x2 4+ x3=1
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The determinant of the matrix

1 2 -1
A=1{1 1 3
2 2 1

is easily found by cofactor expansion along the first row:
detA=1(1-6)—-2(1-6)—-12-2)=5
By Cramer’s rule

2 2 -

x'=1det[0 1
1 2

— ) i

)=§[2(—5>+ 16+ 1] = -3

—1
x> =4 det|1 0 3)=%[—2(—5)—(1+2)]=%
1

1 2 2

x3 =} det 1 o):%[2(0)+1(1—2)]=—%
2 1

[un—y

(the determinants are computed by column cofactor expansion).

¢ EXERCISES

33. Find the inverse of these matrices

(@) 2 1 0
-1 0 1
0 0 2

) /3
1
4

©) /

— NN

—_ )
\/

(@

DN = =0 O 0O

rowNO~0Cc0o

OCNNA RO~
|

N =)
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34. Solve the equation
2
Ax=|1
2
where A is given by
(a) the matrix in Exercise 33(a)
(b) the matrix in Exercise 33(b)

© 1 0 —1
A=[2 1 2

3 —1 1

@ 4 6 1
A=[3 1 2

0 4 0

35. Suppose that the n X n matrix A = (a,') has this property:
a .I‘ =0 if < j

Show that A* =0.
36. If A is a matrix such that A®» =0 show that I+ A is invertible.

e PROBLEMS

33. Show that if a linear transformation T has rank », it is invertible.
Show that if there is a transformation S such that T o § =1, T is invertible.
34. Derive Equations (1.35)-(1.38) using the definition of the determinant.
35. Assume this fact about polynomials: A polynomial of degree d has
no more than d roots. Prove the following assertions:
(@) Let A be an n X n matrix. There are at most » numbers s such
that A + sI is not invertible.
(b) The m x n matrix

1 r rn? ri-?
V =11 ¥a rzz r;—l
1 o ot

has a nonzero determinant if and only if the r; are all distinct. (Hint:
If det V =0, there is a nonvanishing linear relation among the columns.)
36. Let

fos L x) =TT —x)

i<d

where x*, ..., x" are distinct numbers. Show that the permutation = is
even if and only if

G0, L X ) = fx L )
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and similarly = is odd if and only if
SO xm ) = —f(x, ..., XY

37. Let A be an invertible # X n matrix. For m <n, let B be an (n — m)
X (n — m) matrix formed from A by deleting any m rows and m columns.
Show that B is also invertible. (Hint: You need only take m =1, and
proceed by induction.)

38. Let

a b

A= (2 2)
Verify that

A’ —(a+d)A+ (ad— bc)I =0
that is, that A is a zero of a polynomial of degree 2.
39. The same fact is true for all n, that is an #» X » matrix is the zero of a

polynomial of degree n. This is part of a famous theorem of algebra, which
goes like this: If A is any matrix, the polynomial

Py(x) =det(A — xI)

is the characteristic polynomial of A. A is a root of the polynomial equation
P,(x) =0 (Cayley-Hamilton). That is,

PAA)=0

Verify the Cayley-Hamilton theorem for (i) a diagonal matrix, (ii) a triangular
matrix.

1.7 Eigenvectors and Change of Basis

One fruitful way of studying linear transformations on R” is to find direc-

tions along which they act merely by stretching the vector. For example,
if a transformation T'is represented by a diagonal matrix

d 0 - 0

0 dz et 0

A= (1.39)

0 0 - d
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then T(E,) = dE,;, where E,, ..., E, are the standard basis vectors. Thus
T acts by stretching by a factor d; along the ith direction:

T(x!,...,x"y =d,x'E, + d, x’E, + -+ + d,x'E,

More generally, suppose we can find a basis v,, ..., v, of vectors in R"
such that T acts by stretching along the direction of v, for each i:

T(vy) = d;v;

Then, if v is any vector, the action of T is easily computed by referring v to
the basis vy, ..., v, if v=1Y s'v;, then T(v) = } d;s'v;. T is represented
by the diagonal matrix (1.39) relative to this basis. The process of finding
a basis of vectors along which T acts by stretching is called diagonalization.

Unfortunately, not all transformations can be so diagonalized and this
presents a major difficulty in this line of investigation. For example, a
rotation in the plane clearly does not have any such directions in which it
acts as a stretch. More precisely, let T be represented by the matrix

01
2=(-1 o)
Then T(x, y) = (y, —x). (T is a clockwise rotation through a right angle.)
If v = (a, b) is such that T(a, b) = d(a, b), we must have

da=b db= —a

Then d%q = db = — a, and there are no real numbers d, a making this equation
true (except 0).

Nevertheless, there are many transformations which can be analyzed in
this way, and it is our purpose in this section to study the techniques for
doing so.

Definition 12. Let 7: R” — R" be a linear transformation. An eigenvalue
of T'is a number d for which there exists a nonzero vector v such that Tv = dv.
An eigenvector of T with eigenvalue d is a nonzero vector v such that Tv = dv.

Proposition 20. If T: R” > R" is a linear transformation for which there is
a basis of eigenvectors vy, ..., Vv, With eige(tvalues di,...,d,, respectively,
then for any vector v= Y s'v;, T(¥) = Y. d;s'v;.
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Proof. Compute T(v) using the fact that T is linear.

Now we find the eigenvalues of a linear transformation T by making use
of this remark: d is an eigenvalue of T if and only if T — dI is singular (not
invertible). If A is the matrix representing T in terms of the standard basis,
ithis condition is verified precisely when det(A — dI)=0. Thus the eigen-
values of T are just the roots of this equation. Notice that when T is rotation
by a right angle

01 o
det[(_1 O)—dl]—a’ +1

which has no real roots, thus explaining in another way why this transforma-
tion has no eigenvectors. We shall see that when we extend the real number
system to a system in which every polynomial has a root (the complex
numbers), then T can be represented in terms of (complex) eigenvectors.
This is one of the important reasons (particularly in the study of differential
equations, as we shall see) for so extending the number system. Let us now
collect these observations.

Proposition 21. Let T be a transformation on R" represented by the matrix
A. disan eigenvalue of T if and only if d is a root of the equation

det(A — fI) =0

If d is an eigenvalue, the set of eigenvectors corresponding to d is the kernel
of T —dl.

Proof. Suppose d is an eigenvalue of 7. Then there is a v+#0 such that
Tv=dyv, or (I'—dlv=0. Thus the nullity of T — dI is positive, so T — dI is not
invertible. Thus, det(A —dI) =0. On the other hand, if det(A — dI) =0, then
T --dlI is not invertible, so has a positive dimensional kernel. If v 0 is in the
kernel, (T — dI)(v) =0, or Tv = dv; thus d is an eigenvector of 7.

Examples

32. Let T be represented by the matrix

)
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Then

2-t 0
A'tl‘(l 1-:)

and det(A — fI) =¢*> —3r+ 2. The roots are t=2,1. The space
of eigenvectors corresponding to ¢t = 2 is the kernel of

0 0
A—2I—(l _1)

that is, the space of all vectors (x, y) such that x — y=0. Thus
(1, 1) is an eigenvector with eigenvalue 2. The eigenvectors corre-
sponding to ¢t =1 lie in the kernel of

10
A-1I= (1 0)

that is, in the space of vectors (x, y) such that x =0. (0, 1) is such
an eigenvector. Since (1, 1) and (0, 1) are a basis for R?, we have
diagonalized T. Relative to this basis T is represented by the matrix

63

33. Consider the transformation given, relative to the standard
basis by the matrix

2 —4

1 6
Then det(A —I)=1>—8t+16=(t—4)>. Thus 4 is the only
eigenvalue of T.

—2 -4
aa=("2 Y

has as kernel {(x, y): x + 2y = 0}, which is one dimensional. Thus
there cannot be a basis of eigenvectors for the only eigenvectors lie

on the line x = —2y. .
Notice that this example differs from that of a rotation, for there

is no problem with the roots; the difficulty lies with the transformation
itself.
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34. Let T: R® > R® be given by the matrix

-7 0 -—18
A= 2 2 4
30 8

Then det(A — ) = — > + 3t> — 4. The roots of
det(A —I)=0

are 2, — 1.
Eigenvalue 2:

-9 0 -18
A-2I= 2 0 4

30 6

The kernel is the set of vectors (x, y, z) such that x + 2z =0. This

space is two dimensional, so we can find two independent eigenvectors

with eigenvalue 2; for example, v, = (0, 1,0), v, = (-2, 0, 1).
Eigenvalue —1:

-6 0 —18
A-(-DI={ 2 1 4
30 9

The kernel is the set of vectors (x, y, z) such that

x+3z=0 or x=—3z
2x+y+4z=0 or y= 2z

which is one dimensional. An eigenvector is v3 =(—3,2,1). These

V4, V5, V5 thus form a basis of eigenvectors, and T is represented by
the matrix

20 0
02 0 (1.40)
00 -1

relative to the basis vy, v,, Vs.
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Jordan Canonical Form

Notice that in general there are two difficulties with the procedure de-
scribed above. The polynomial det(A — fI) may not have many real roots,
and it may have multiple roots. As we shall see in the next section the first
difficulty can be overcome by transferring to the complex number system.
Example 34 above demonstrates that the second possibility, that of multiple
roots, may not be severe, whereas Example 33 shows that it can seriously
handicap the diagonalization procedure. Continued study of this situation
becomes quite difficult and we shall not enter into it. The conclusion is that
the typical matrix which cannot be diagonalized is of this form

(1.41)

T O O O N
OO N~
= WL )
TR OO
T OO OO
Tt OO0 OCC

(=

0

U

representing the transformation
T(xY, ..., xX") = (dx' + x*,dx* + x°, ..., dx")

Given any matrix, we can find a basis of vectors (which includes all possible
eigenspaces) relative to which 7" decomposes into pieces, each of which has
the form (1.41). This is called the Jordan canonical form.

Change of Basis

Before leaving this subject, let us compute explicitly the formulas which
allow us to change bases in R". If {E,, ..., E,} is a basis for R", then any
x in R” can be written

x=x'E, +--- + xE,

uniquely. We shall refer to the n-tuple (x!, ..., x") as the coordinate of x
relative to the basisE: {E, ..., E,} denoted xg.

Let F: {F,, ..., F,} be another basis for R". Let x be the coordinate§ of
x relative to this new basis. To each set of E coordinates x; we can assoclate
the F coordinates X, of the point corresponding to xg. In this way we can
write X as a function of x;.  The precise relation is this.
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Proposition 22. Let E: {E,,...,E}, F:{F,,...,F,} be two different
bases for R". Write the E’s in terms of the F’s:

The matrix (a;') is called the change of basis matrix, and is denoted AgF.
For any point x in R" we have this relation between its E and F coordinates:

Xp = AgEXp (1.42)

Proof. Letxg=(x',...,x"), xr=(»%...,»"). Then

=

aJ’F;)
1

=3 (z a,’x’)F:

=t \Jj=1

X= ixij= i x’(
i=1 i=1 i

]

]

[\

y'F

1

Thus for each i, ' = >%., a,'x’, which is the same as (1.42).

Notice that it follows from (1.42) that (A ¥)~! = A;F. For, given any x,
XF= AFEXE = AFEAEFXF
Thus AFEAEF = I.

Now, if T is any linear transformation on R", it can be represented by a
a matrix, relative to any basis E: {E,,..., E,}. Let us denote that matrix
by Tg:
T(x)g = Tgxg

Proposition 23. IfE: {E,,...,E}, F: {F,, ..., F,} are two bases of R,
and T: R" — R" is a linear transformation, we have

TF = (AEF) B 1TEAEF
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Proof.
T(X)r = Ar"T(x)z = Ar"TexXs = As"T5A x5
On the other hand, by definition
T(x)r = TrXr
Thus Tr = Ar*TeA:" = (AF)'T:AL"
Examples

35. Let T: R* - R? be represented, relative to the standard basis E
by

2 3
=g 1)

Let F: {(1,1), (2, —1)} be another basis. Find the matrix Tj.
Now,

P (12
af=(; ]

Thus
1 2\(2 3),(1 2
L T R
(73 -1
T \4/3 273
36. Let T be given, relative to the standard basis E by
-7 0 -—18
Te=| 2 2 4
30 8

and let F: {(0,1,0), (—2,0,1), (—3,2,1)}. We have already seen
that F is a basis of eigenvectors for T, with eigenvalues 2,2, —1,
respectively. Thus we may conclude that Ty is given by (1.40).
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e EXERCISES

37. Find a basis of eigenvectors, if possible, for the transformation
represented in terms of the standard basis by the matrix A:

@) 3 4 2
A= 2 7 5/2 eigenvalues: 2, 3, —1
—4 —16 —6
® 1 0 2 2
2 0 0 .
A= 1 0 2 2 eigenvalues: 1, —1,0, 2
— 0 -3 -3
© 1 0 2 2
0 4 0 0 .
A= 0 0 3 5 eigenvalues: 1, 4
0 0 —4 -3
@ 1 -1 1
A=|-1 1 1
2 2 0
38. Show that for F: {Fy, ..., F.} a basis for R", and E the standard basis,
the matrix Ag” is just the matrix whose columns are Fy, ..., F,.

39. Find the matrix AgF for these pairs of bases in R™.
(@ F:(1,0,1),(0,1,1),(1,0,0)
E: (0,1,2),(2,0,1),(,2,0).
(b) F:(1,0,0),(2,0,1),(0,1,0)

E:(3,1,5),(0,2,3),(—1, —1,0).
(¢) F:(1,0,1,0),(0,1,1,0),(0,0,2,0),(0,0,1, 1)
E:(0,2,0,2),(2,0,0,0),(2,0,2,0), (0, 2,2,0).
40. Let T: R® — R® be a linear transformation represented by one of
(@) 2 0 0 (b) 1 0 —1
Te={—1 0 3 T:=1(0 1 4
1 0 1 2 0 —1

relative to the standard basis E. Find Tr, where F is one of these bases
(F as in Exercises 39(a) and 39(b)).

41. If T: R*— R? has two independent eigenvectors with the same
eigenvalue, then T is represented by a diagonal matrix in any basis.

® PROBLEMS

40. Prove Proposition 20.

41. If T is a linear transformation on R" represented by the matrix A
which has # distinct eigenvalues 4, ..., d,, then
P(x)=(—1D"(x—d)x—d>) - (x—dy)

and P,(A) = 0 (P, is defined in Problem 39).
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42. Let T be a linear transformation on R". Let E(r) ={ve R": Ty — rv}.
Show that E(r) is a linear subspace of R" (called the r eigenspace of T).
Show that if r £ 5, then E(r) n E(s) = {0}.

43. Suppose A represents a linear transformation on R" with this property:
if r1, ..., rc are the eigenvalues of A, then n = >%_1dim E(r;)). Then

PA(x) — (—1)"(X _ rl) dim E(ry) | (x _ rk) dim E(rg)

Verify the Cayley-Hamilton theorem for A.
44. Find a matrix with no nontrivial eigenspaces. How would you
expect to prove the Cayley-Hamilton theorem for such a matrix ?

1.8 Complex Numbers

Pythagoras’ discovery, that \/ 2 is not the quotient of two integers, was
considered in his day to be a geometric mystery. His conception of numbers
was limited to rational numbers and his desire to measure lengths (to associate
numbers to line segments) led to this unhappy realization: there are some
lengths which are not measurable! (as the hypotenuse of an isosceles right
triangle of leg length 1). It took a long time for mathematicians to realize
that the solution to this situation was to expand the notion of number. The
general liberation of thought that was the Renaissance led in mathematics to
the possibility of expressing the value of certain lengths by never-ending
decimals, or continued fractions, or other types of infinite expressions. It
was during those days that mathematicians formulated the view that such
expressions represented numbers and served to determine alllengths. Earlier,
Middle Eastern mathematicians were led from certain algebraic problems
to envision extension of the number concept in another direction. As they
observed, quite clearly —1 has no square root; some bold adventurer then
suggested that we contemplate, in our minds, some purely imaginary quantity
whose square would be —1 and treat it as if it were another number. As
this supposition did not contradict any of the known facts concerning the
number system, it could do no harm—and might do a great deal of good
(at least in our minds).

Today we need not be so mysterious or cunning in our ways. We need
only recall that there is a 2 x 2 matrix (see Problem 20) whose square is the
negative of the identity. We can thus say quite factually that in the set of
2 x 2 matrices, —1 does indeed have a square root. Well, there is also a
5 x S matrix, and an n x »n matrix for any n whose square is —1I, so we should
ask for the smallest algebraic system in which —1 has a square root. The
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complex number system is this system and we shall later derive the remarkable
fact (the fundamental theorem of algebra): Every polynomial has a root in
the complex number system.

Now, to be explicit, the matrix

. (0 -1
i= (1 0) (1.43)
has the property thati? = —I.  The complex number system is the collection

of all 2 x 2 matrices of the form al + bi, where a, b are real numbers.

Definition 13. C, the set of complex numbers is the collection of all 2 x 2
matrices of the form

b

Proposition 24.
(i) The operations of addition and multiplication are defined on C.
(i) Every nonzero complex number has an inverse.
(i) C is in one-to-one correspondence with R%.

Proof.

G (a —b ¢c —d\ fatc —(b+d
b a + d c)] \b+d a+tc

a —b\{c —d
b al\d ¢
(i) If
a —b
M= (5 )

is nonzero, then one of a or b is nonzero, so det M = g + b? # 0, and thus M has
an inverse. By Cramer’s rule

M-t — 1 a b
a+b2\~b a

(iii) is obvious, since every complex number is given by a pair of real numbers
and conversely every pair (a, b) of real numbers gives rise to a complex number.

I

ac—bd —(ad+ bc)
ad + be ac—bd



1.8 Complex Numbers 87

Cartesian Form of a Complex Number

We need now a notation which is more convenient than the matrix notation,
and we get our cue from (iii) above. The matrices I and i correspond to the
points (1, 0), (0, 1) of the plane and thus form a basis for C. More explicitly

£ )b 9
= al + bi (1.44)

If we identify the real number 1 with the identity matrix I; and more
generally the real number r with the complex number rI + 0i, then we can
say that every real number is also a complex number. In fact, the complex
system is just the real number system with a square root of —1 tacked on.
(This takes us full circle back to the original conception of that Arabian
adventurer. The difference here is that we now know what we mean by this
procedure and that it produces no inconsistencies.)

Thus, we can suppress the identity matrix in the expression and write a
complex number in the form a + bi. We now recapitulate the relevant facts.

C is the set of all 2 x 2 matrices ¢ = a + bi with a, b real numbers. a is
the real part of c, written 2 = Re ¢, and b is the imaginary part, written
b=Imc. And these following rules hold:

i2=—1
@+b)+(c+d)=(@+c)+ b +d)i
(a + bi)(c + di) = ac — bd + (bd + ac)i
a—bi

(a+bi)_1=m whena2+b2¢0

Polar Form of a Complex Number

Since C is in one-to-one correspondence with R?, we can represent complex
numbers by points in the plane (see Figure 1.14). Addition of com-
plex numbers is the same as addition of vectors in the plane. We now
seek a geometric description of multiplication of complex numbers. For
this purpose it is convenient to move to polar coordinates.

Definition 14. Let z= x + yi. The modulus of z, written |z|, is its
distance from the origin:

2l = (2 + y)?
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argz

Npmm——— e ——_——

Figure 1.14

The argument of z, written arg z, is defined for z # 0; it is the angle defining
the ray on which z lies:

1

® i<

arg z = tan~

We can write complex numbers in polar form: If a = x + yi has the polar
coordinates (r, §) then, since x = r cos 8, y = r sin 6, we have

z=r(cos 0 + isin )

(We have moved the i in front of sin 6 for the obvious notational con-
venience which results.) The set of points of modulus 1 is the unit circle
centered at the origin. It is the set of all points of the form cos 6 + i sin 6.
We shall sometimes abbreviate this to cis 8. Precisely, cis 8 is the point of
the unit circle lying on the ray of angle 6. Now, let z, w be two complex
numbers,

z=rcis0 w=pcis ¢
Then

zw = r cis(0)p cis(¢)
= (r cos 0 + ir sin 6)(p cos @ + ip sin ¢)
= rp(cos 0 cos ¢ — sin 0 sin ¢) + irp(cos 6 sin ¢ + cos ¢ sin )
=rp cis(8 + ¢)

Thus we form the product of two complex numbers by multiplying the
modulii and adding the arguments. (This does not make sense if one of the
numbers is zero, but that case is trivial anyway.)
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Notice then, if z = p cis 8, then 2> = p? cis 26 and more generally
2" = p" cis nf (1.45)

This observation leads to the fact that it is easy to extract roots. For the
converse of (1.45) is

1/k _ . 1/k .
z = CIS —
P %

Proposition 25. Let ¢ be a complex number, and k an integer. There are
precisely k distinct solutions to the equation X* = c.

Proof. Write ¢ in polar form: ¢ =rcis 6. If z=pcis ¢ is a solution, then
reis@=c=z"=p cisk¢
Thus the modulus of z is the kth root of the modulus of ¢, and the argument of a

is an angle such that k times it is 8. Well, (1/k)0 is such an angle, but so is
(1/k)(@ + 27). 1n fact, each of the angles

1 1 1 1

have the property that k times it is . All these angles are distinct, so ¢ = r cis
has precisely these k roots:

ricis 6, r'/* cis d 4;(277, .oe, PYECiS 9_-%_1)

Complex Eigenvalues

We shall work extensively with the complex number system in this text.
In fact, we shall discover many situations besides the algebraic one above
where study within the system of complex numbers is beneficial. In par-
ticular, let us return to the eigenvalue problems of the preceding section.
We consider C", the space of n-tuples of complex numbers. We can define
linear transformations on C” just as we did on R". In fact, the entire theory
of linear algebra through Section 1.7 holds over C" as well as R". Let

E,=(0,0,...,0,1,0,...,0)  (lin the ith place)
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be the standard basis vectors for C*. Again, any linear transformation on
C" is given by a matrix A = (a;) of complex numbers relative to the standard
basis:

T, ..., =0 a2, ..., Y a"7)
for all (2%, ..., 2 e C".
Examples

37. Consider the matrix

01
A=(-1 )
as representing a transformation T on C? relative to the stan-
dard basis. Its eigenvalues are the roots of det(A — ) =0. But

det(A — fI) = t* + 1, so the roots are i, —i.
Eigenvalue i:

, —-i 1
A—zI—(_1 i)

The second row is —i times the first, so the kernel of A — ;I is given
by the single equation —ix + y =0. An eigenvector is (1, i).

The eigenvalue —i has the eigenvector (1, —i). Now, F: {(1,1),
(1, —i)} are a basis of eigenvectors for C?, so T becomes diagonalized
relative to this basis:

i 0
Tr = (:) —i)

if

eofl) ()

then

Tz = iz! (1) - izz( 1 )
i —i
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38. Consider the matrix

01 -1
A=(31 0 2
21 1

representing a transformation T on C? relative to the standard basis.
detA — )= —>+ 2 —t+ 1. This polynomial has the roots
1,i, —i. Since the roots are distinct and each must have a correspond-
ing eigenvector, there is a basis of eigenvectors. We now find such
a basis.

Eigenvalue 1:

-1 1 -1
A-I=( § -1 2
2 1 0

The kernel of A — I is found as a linear relation among the columns
(recall Example 18). Such a relation is

C1*2C2—3C3=0

Thus (1, —2, —3) is an eigenvector with eigenvalue 1.
Eigenvalue i:

-i 1 -1
A-il=(% -i 2
2 1 1-i

In order to find a relation among the columns we must row reduce-
The result of row reduction is

A solution of the corresponding homogeneous system is found by
taking z, =5, then we obtain z, =1-— 3i, z; = —3 + 4i. Thus,
(—3 + 4i, 1 — 3i, 5) is an eigenvector with eigenvalue i. Similarly,
we find the eigenvector (—3 — 4i, 1+ 3i,5) corresponding to the
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eigenvalue —i. Thus, T is represented by

1 0 O
0 i O
00 —i

relative to the basis
1, -2,-3), (-3+4i,1-3i,5), (-3—4i,1+3i5).

o EXERCISES

42. Find the inverse of these complex numbers:
(@ 5-—3i (d) 4cis(2/3)
b)) A-H2 (e) cis7
© 3+i
43. Show that z~! = 7 if and only if z is on the unit circle.
44. Show that the complex number cis # represents rotation in the plane
through the angle 6, when considered as a 2 x 2 matrix.
45. Find all kth roots of z:
@ k=2,z=—i d k=3,z=I
b)) k=52z=-1 € k=2,z=3i—14
©© k=4,z=1+i ) k=3,z=154+5i
46. Find, if possible, a basis of possibly complex eigenvectors for the
transformations represented by these matrices

@ (1 —2) © /o —2 3

2 1 1 =3 5

1 -2 3
(17 —13) @ 0 1 1 —1
® \5 -1 2 0 -} 3
0 0 0 0
-2 0 0 2

® PROBLEMS
45. Compute that the matrix

01
(1 o)
has square equal to —I. We have chosen i to be the 2 X 2 matrix
0 —1
1 0
so that the correspondence between complex numbers and operations on
R? will be correct. More precisely, we conceive a complex number in two

ways: as a certain transformation on the plane, and as a vector on the plane.
Given two complex numbers z, w we may interpret their product in two
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ways: composition of the transformations, or the application of the transfor-
mation corresponding to z to the vector w. We would like these two
interpretations to have the same result. If z=a+ ib, w =c + id, show

that zw,

(a —b\(c —d
b a) (d c)
and

a —b\(c
G o))
are all the same under that correspondence.
46. Show that the complex numbers z, Z, when considered as vectors in
R? are independent (unless they are real or pure imaginary).

47. Why do the complex eigenvalues of a real matrix come in conjugate
pairs?

1.9 Space Geometry

In this section we shall introduce the basic notions of three-dimensional
geometry, using vector notation. First of all, as in the plane, we select a
particular point in space, called the origin and denoted 0. That being done
we may refer to the points of space as vectors and think heuristically of the
directed line segment from the origin to the point as a vector. The operations
of scalar multiplication and addition can be defined as on the plane—and
expressed in terms of coordinates in much the same way:

(i) If P is a vector and r a real number, rP is the vector lying on the line
through 0 and P and of distance from 0 equal to |r| times the length of the
segment OP. If r > 0, rP lies on the same side of 0 as P; if r < 0, rP lies on
the opposite side.

(i) if P, Q are two vectors in space, there is a unique parallelogram lying
in the plane determined by P and Q, three of whose vertices are 0, P, Q.
We define P + Q to be the fourth vertex.

Now, we turn to the coordinatization of space. Having chosen a point
as origin, let E, E,, E; be three new points with the property that 0, E;, E,,
E, do not all lie on the same plane (we say the vectors E;, E,, E; are not
coplanar). The three lines determined by the vectors E,, E,, E; are called
the coordinate axes. Just as in two dimensions the choices of the vectors
E,, E,, E, enables us to put each line in one-to-one correspondence with the

real numbers.
In three dimensions two lines determine a plane. We shall call the planes
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2-3 plane

e 1))

1-2 plane

Figure 1.15

through 0 determined by E, and E, the 1-2 plane, by E, and E, the 1-3 plane,
and the plane determined by E, and E; is the 2-3 plane (Figure 1.15). These
three planes are called the coordinate planes. Each of these planes can be put
into one-to-one correspondence with R? just as in the case of two dimensions.
Now, to each point in space we can associate a triple of numbers relative to
these choices in the following way. Let P be any such point. There is a
unique plane through P which is parallel to the 2-3 plane; and this plane
intersects the 1 axis in a unique point. This point has the coordinate x'
relative to the scale determined by E,. We shall call x! the first coordinate
of P. The second, x2, is found in the same way: by intersecting the plane
through P and parallel to the 1-3 plane with the 2 axis. Finally we find
the third coordinate x* similarly, and associate the triple (x!, x2, x°) to P.
In this way we put all of space into one-to-one correspondence with R>,
dependent upon the choice of vectors E,, E,, E,, called a basis for space.

The expression in terms of coordinates of the operations of addition and
scalar multiplication are precisely the same as in R? (no matter what basis
is chosen):

r(x!, x2, x¥) = (rx!, rx?, rx®)

(xls x2, x3) + (yla yzs y3) = (xl + yl, x2 + yz, x3 + y3)
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There is no need to check that these formulas correspond to the geometric
descriptions given above; we need only refer to the computation in the plane.

When we are interested in the pictorial representation of problems of
three-dimensional Eculidean geometry it is best if we consistently use a
particular coordinatization. For this purpose we select the “ right-handed
rectangular coordinate system”; where the coordinate axes are mutually
perpendicular and the order 1 —» 2 — 3 is that of a right-handed screw (see
Figure 1.16). Itis common in particular problems to refer to the coordinates
by the letters (x, y, z) rather than (x!, x2, x*). We shall use the numbered
coordinates when it is more convenient to do so.

Inner Product

Now, the basic notions of Euclidean geometry are length and angle. It
will be of importance to us to derive expressions for these in terms of co-
ordinates. Consider first the length of the line segment OP between the origin
and the point P with coordinates (x, y, z). This can be easily computed
by use of the Pythagorean theorem (consult Figure 1.17). Let P’ be the
point of intersection with the xz plane of the line through P and parallel
to the y axis. Then OPP’ is a right triangle, so

g
L

Figure 1.16

|OP|? = |0P'|* + [P'P|?

fﬂnn/

1

E.
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Letting P” be the point of intersection with the x axis of the line through P’
and parallel to the z axis, we obtain

|0P|2 = |0P”l2 + IP”PI]Z + IPIP|2
But now IOP”I2 — x2’ IP”P/IZ — 22’ IPIP|2 = y2’ SO
0P| = [x* + y* + 212

Now, suppose P(x, y, z), Q(a, b, ¢) are any two points in space. By
definition of addition, P is the fourth vertex of the parallelogram three of
whose vertices are 0, P — Q and Q. Thus, the side through P and Q has
the same length as the side through P — Q and 0, so

[PQ|=|(P — Q)0|=[(x — a)* + (y — b)* + (z - )*1*/? (1.46)

Finally, we can compute the angle between P and Q by the law of cosines
(consult Figure 1.18); if 6 is that angle, then

[PQ|? = |0P|* + |0Q|* — 2|0P| |0Q] cos §
In coordinates,

=+ (=0 +(z—-=x*+y + 22 +a> + b+
—-2(x? + y* 42312
x(a* + b* + c*)% cos 0
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which reduces to

xa+ yb + cz

cos f =
(xz + y2 + 22)1/2(a2 +b2 + c2)1/2

(1.47)

The form in the numerator thus has some special importance: it together
with the notion of length determines angles. It is called the inner product
of the two vectors P, Q.

Definition 15. Let P, Q be two vectors in space. Their Euclidean inner
product, denoted (P, Q), is defined as |P||Q| cos 6, where 6 is the angle
between P and Q. In coordinates, P = (x, ¥y, 2;), Q=1(x3, ¥, 22),

P, Q> =x1x; + y1y2 + 2,123

Propositions 26. The nonzero vectors P and Q are perpendicular if and only

if <P, Q) =0.

Proof. P and Q are perpendicdlar if and only if the angle 6 between them is a
right angle. @ is a right angle if and only if cos # =0, and this holds precisely
when <P, Q> =0.

A plane through the origin is the linear span of two vectors. If Nis a
vector perpendicular to such a plane [, then [ [ is given by the equation

[T:<x, N> =0

0 10Q| Q
Figure 1.18
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More generally, if p is a point on a plane (not necessarily through the origin)
and N is orthogonal to [ |, [ ] is given by the equation

(x—p,N>=0

A line through the origin is the linear span of a single vector, and can be
expressed by two linear equations (since a line is the intersection of two
planes).

Examples
39. Find the equation of the plane through (1, 2, 0) spanned by the
two vectors (1,0,1), (3,1,2). If N=(n!, n? n®) perpendicular to

this plane we must have

<Ns (1’09 1)> = nl +n3 =0
<N’ (3’ 0’ 2)> = 3n1 + n2 -+ 2n3 =0

A solution of this system is (1, —1, —1), so we may take
N=(1, —1, —1). Then the equation of the plane is

x—(1,2,0,(, =1, =1)>=0 or x—y—z+1=0

40. Find the equation of the plane through P= (1,0, —1), Q =
(2,2,2), R=(3,1,1). If N is perpendicular to the plane, we have

N,P-R>=0 <(N,Q-R}=0
Letting N = (n', n?, n%), we obtain this system of equations:

—2nl —n? - 2n3 =0
—n+nt+n® =0

which has a solution N =(7,4.3). Thus the equation we seek is
X—=N,R)=0, 0or M(x—3)+4(y—-1)+3(z-1)=0 or

Tx+4y +3z=128

41. Find the equations of the line L through (4, 0, 0) and perpen-
dicular to the plane in Example 40. If x is on L we must have

(x-(4,0,0,P-R)=0 (x—(4,0,0),Q—R)=0
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so we may take these as the equations:

2x+y+2z=38
—x+y+z =—4

Vector Product
Given two noncollinear vectors v,, v, in space, the set of vectors perpen-
dicular to v, v, is a line. We shall now develop a useful formula for select-
ing a particular vector on that line, called the vector product v; x v,.
If N is on that line, and x is in the linear span of v; and v, , we have
x,N>=0
On the other hand, since X, v,, v, are coplanar we have
X
det{v, ] =0
\f)

Now there is a uniquely determined vector N such that

X
{x, N> = det{ v,

Va
for all x e R3. This is easily seen using coordinates. Write

1= (vlla vlz’ 013)’ V= (vzl, U229 023)’ X= (Xl, xz’ x3)

Then
X xt x? X
det{ v, | =det| v,* 0% v,°
3
V2 Uzl Uzz Uy

= xl(v12023 = 013”22) - 3‘2(”111’23 - 0131’21)
+ x3(v,'0,% — v,%0,")
= (%2, x%), (04 202% — 0,°0,%), (0 %0, = v1'0,%),

(vy 1"22 = 1’12”2 B)).
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Definition 16. Let v = (v', v?, v*), w = (w!, w2, w®) be two vectors in R®.
The vector product v x w is defined by

v xw= (02w — 0’w?, v’w! — olw?, olw? — vPwl)

Proposition 27.
x
(i) <x, vxw)=det v) forall x e R,
w
(i) vXxw=—-wxyv.
(iii) v X w is orthogonal to v and w.
(iv) The equation of the plane through the origin spanned by v and w has
the equation (x, v X w) = 0.

The proof of this proposition is completely contained in the preceding
discussion. The basic property of the vector product is the first; it follows,
for example, that for any three vectors u, v, w

vxwy=@axv,w)=<v,wxu)={vxwu
Notice that if v, w are collinear, v x w = 0. If they are not collinear, the
ordered basis u — v — v x w is right handed (see Figure 1.19). The following

proposition gives an important geometric interpretation of the magnitude
of v xw.

Proposition 28. Let u, v, w be three noncollinear vectors.

(i) The area of the parallelogram spanned by u and v is la x v

<y

WXV
Figure 1.19
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(ii) The volume of the parallelepiped spanned by w, v, and w is

u
[det| v]|
W

Proof.
Step (a). The first step is to verify (ii) in case the vectors u, v, w are mutually
perpendicular. In that case we must show that

u
det{v | = llull - |iv]l- fiwll
w

This follows easily from the multiplicative property of the determinant. First we
note that

u <{u, u) 0 0
v j(u,v,w) = 0 v, v) 0
w 0 0 A

since the (7, j)th entry is the inner product of the ith row of the first matrix with the
jth row of the second (see Problem 49). Thus,

2

u u
detfv ] =det|v |@u, v, w) = [luli|lv]?lwl?
w w

Step (b). In particular, if u, v are perpendicular, then u, v, u X v are mutually
perpendicular, so

uxv
luX v|P=<uaXv,uxv>=det|] u
v
= flux v - vl
50 [la X v|| = |l - lvl, when u is perpendicular to v.

Step (c). Now we prove part (i) in general. Let § be the the angle between u
and v (see Figure 1.20). Then the area of the parallelogram spanned by u and v
is the product of the base and the height of the base:

area = {julla = [l - |Iv|| sin &
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Now the vector u X (u X v) is orthogonal to u and u X v, so lies in the plane spanned
by u and v and is orthogonal to u. We have

. v,uX (uxv)
0= T_g)=_huxmxvy
Sy =cos (2 ) VI~ T x @ x W]

Since uand u X v are orthogonal, by Step (b) we have [ju X (u X v)|| = [ju|| - |lu X v].
Thus

vyuX (uxv)

area = [ju)l * |lv|| W~ e % (u X vl

axXv,uxvy
= ]| ————= = [u X v{}
[l fha < vl|

Step (d). To prove part (ii) we refer to Figure 1.21. The volume of the parallele-
piped spanned by u, v, w is the product of the area of the base and the altitude:

volume = (lu X v|[|b = |u X v|| - |lw(isin ¢

Since u X v is orthogonal to the u, v plane,

d—anel T 2 = KW uX V)
sin ¢ °°S(2 ‘ﬁ) Wi~ ux vl
u X(u X v)

Figure 1.20



1.9 Space Geometry 103

Figure 1.21

Thus

w
volume = ffu x v]| - fwj) S UX V2l _ |det(u>|

X
il X vi v

A final equality which will prove useful is this:
o x v[i2 = Juf?|v]? - <u, v)?
This follows easily from the above arguments:
lwx vj? = Jlu]?|v|? sin® ¢
= [luf®[v]*(1 — cos® ¢)
= Ju?(iv]?® = <u, v)?

since the angle between u and v is ¢.

¢ EXERCISES

47. Which pairs of the following vectors are orthogonal ?

Vi —_'—(2, 1, 2), V2 =(3, —l, 4), V3 =(7, Oy 5): Va =(6’ _2’ 5)
Vs = (1: 3’ 0)1 V6 = (0’ 0’ 1)’ V7 = (_15’ 51 21)
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48. Find the vector products v, X v, for all pairs of vectors given in
Exercise 47.
49. Find a vector v such that

<v7 v1> =2 <v’ v2> = _1 <v) v3> =7

where vy, v2, v; are given in Exercise 47.

50. Find the equation of the plane spanned by the vectors (a) v, ve s
(b) v2, vs, (¢) ¥s, ve, (d) va, ve, where the v, are given in Exer-
cise 47.

51. Find the equation of the line spanned by the vectors given in
Exercise 47.

52. Find the equation of the plane through (3,2, 1) and orthogonal
to the vector (—7, 1, 2).

53. Find the equation of the line through (0, 2, 0) and orthogonal to the
plane spanned by (1, —1, 1) and (0, 3, 1).

54. Find the equation of the line through the origin and perpendicular
to the plane through the points

(a) E1, E: . E;
) 1,1,5),(0,0,2),(—1, —1,0)
(c) (0,0,0),(0,0,1),(0,1,0)
55. Find the equation of the line of intersection of the two planes,
(a) determined by (a), (b) of Exercise 54.
(b) determined by (a), (c) of Exercise 54.
(c) determined by (b), (c) of Exercise 54.

56. Find the plane of vectors perpendicular to each of the lines deter-
mined in Exercise 55.

57. Let Abe a 3 X 3 matrix. Show that

(a) if the rows of A lie on a plane (but not on a line), the set of solu-
tions of Ax =b forms a line, or is empty.
(b) if the rows of A lie on a line, the set of solutions of Ax — b forms

a plane, or is empty.

58. Show that |lv X w|l = |lv|| - |lw| sin 8, where 6 is the angle between
the two vectors v and w.

59. Is the vector product associative: that is, is

UXV)Xw=ux(¥xXw)

always true?
60. If v, w are two noncollinear vectors show that the three vectors
Y, VX W, v X (v X W) are pairwise orthogonal.

o PROBLEMS

48. Prove the identities of Proposition 27.
49. Let vy, v2, v; be three vectors in R®. Let A be the matrix whose
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TOWS are Vi, vz, vs and B the matrix with columns v,, v», v5. Show that
(a) the (7, Hth entry of AB is {v,, v,>.
(b) det A =detB.
50. Let P be given by the coordinates (x, y, z) relative to a choice E;, E;,
E; of basis for space. Show that the point of intersection of the line
through P parallel to the E, axis with the 2-3 plane has coordinates (0, y, z).

1.10 Abstract Notions of Linearity

There are many collections of mathematical objects which are endowed
with a natural algebraic structure which is very reminiscent of R". To be less
vague, there is defined, within these collections, the operations of addition
and multiplication by real numbers. Furthermore, the problems that
naturally arise in these other contexts are reminiscent of the problems on R"
which we have been studying. The question to ask then, is this: does the
same theory hold, and will the same techniques work in this more general
context? We shall see in this section that for a large class of such objects
(the finite-dimensional vector spaces) the theory is the same. We shall see
later on that in many other cases, the techniques we have developed can be
modified to provide solutions to problems in the more general context.
First, let us consider some examples.

Examples

42. If f and g are continuous real-valued functions on the interval
[0, 1], then we can define the functions f + g, cf as follows:

(f + 9)x) = f(x) + g(x)
(ef)x) = ¢f(x)

Clearly, f + g and ¢f are also continuous. Thus we see that operations
of addition and scalar multiplication are defined on the collection
C([0, 17) of all continuous functions on the interval [0, 1].

43. In the above example, if f and g are differentiable, so are f + g
and ¢f. Thus the space C*([0, 1]) of functions on the interval [0, 1]
with continuous derivatives also has the operations of addition and
scalar multiplication. Notice that the operation of differentiation
takes functions in C([0, 1]) into C([0, 1]): if f is in C'([0, 1) it
has a continuous derivative, so f* is in C([0,1]). Furthermore,
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differentiation could be described as a linear transformation:

f+9)=f+9
(cfy =¢f’

So is, by the way, integration a linear transformation:

{f+9)=[r+fg
§ef)=clf

The fundamental theorem of calculus says that differentiation is the
inverse operation for integration:

(4f=s

These remarks may strike you as merely a curious way of describing the
well-known phenomena, but the implied point of view has led to a wide
range of mathematical discoveries. The subject of functional analysis which
was developed early in the 20th century came out of this geometric-algebraic
approach to long standing problems of analysis.

Examples

44, If S and T are linear transformations of R" to R™, then so is
the function S + 7 defined by:

(S + T)(x) = S(x) + T(x)
We can also multiply a linear transformation by a scalar:
(eS)(x) = cS(x)

Thus the space L(R", R™) of linear transformations of R" to R™ has
defined on it operations of addition and scalar multiplication.

45. We have already observed (Section 1.6) that the collection M"
of n x n matrices has defined on it these two important operations.
In fact, we used, in an essential way, the fact that when we viewed
M" this way it was just the same as R™.

These examples, together with R", lead to the notion of an abstract vector
space: a set together with the operations of addition and scalar multiplication.
We include in the definition the algebraic laws governing these operations.
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Definition 17. An abstract vector space is a set ¥ with a distinguished
element, 0, called the origin, on which are defined two operations:
Addition. Ifvand w are elements of V, then v + w is a well-defined element

of V.

Scalar multiplication. Ifvisin ¥ and cis a real number, cv is a well-defined
element of V. These operations must behave in accordance with these laws:

@
(ii)
(iif)
@iv)
Y
(vi)

v+ W+ x)=@+w +x,
v+w=w+y,

v+ 0=y,

cv +w)=cv+ cw,
ci(eaw) = (¢c1 c)w,
Iw=w.

The preceding examples are all abstract vector spaces; the verifications
of the required laws are easily performed. We now want to investigate the
extent to which the ideas and facts discussed in the case of R" carry over to
abstract vector spaces. First of all, all the definitions carry over sensibly
to the abstract case if we just replace the word R” by the words an abstract
vector space V. Thus we take these notions as defined also in the abstract
case: linear transformation, linear subspace, span, independent, basis, dimension.

Now there is one bit of amplification necessary in the case of dimension.
We have until now encountered spaces of only finite dimension.

Example

46. Let R® be the collection of all sequences of real numbers. Thus
an element of R® is an ordered oco-tuple,

(%%, ..., %" ..)
R™ is an abstract vector space with these operations:

X2, LX)+ OL YY)
=y X2+ XYL
cxl, %2, ..., %" . ) =(cx, ex?, .. ex" L)

Now R® has an infinite set of independent vectors. Let E, be the
sequence all of whose entries are zero but for the nth, whichis 1. This
entire collection {E,,..., E,,...} is an independent set. For if
there is a relation among some finite subset of these, it must be of the
form

¢c'E; ++ c*Exy=0



108 1. Linear Functions

(of course, many of the ¢’s may be zero). But
E + -+ E = (!, 3, ...,50,0,..)

so if this vector is zero we must have ¢! = ¢2 =---=c*=0. Thus
indeed the set {E,, ..., E,, ...} is an infinite independent set on R,

We now make the following restriction to the so-called finite-dimensional
vector space; and we shall see that all of the preceding information about R"
holds also in this more general case.

Definition 18. A vector space V is finite dimensional if there is a finite set
of vectors v, ..., v, which span V. That R*® is not finite dimensional
follows from some of the observations to be made below. It can also be
verified in the terms of the above definition (see Problem 53). The important
result about finite-dimensional vector spaces is that they are no different from
the spaces R".

Proposition 29. Let V be a finite-dimensional vector space of dimension d.
If vy, ..., v, is a basis for V, every vector in V can be expressed uniquely as a
combination of vy, ..., v;:

v=1x'v, + - + x,

(x',...,x% is called the coordinate of v relative to the basis v,,...,v,.
The correspondence v — (x!, ..., x¥) is a one-to-one linear transformation
of ¥ onto R?.

Proof. The definition of basis (Definition 6) makes this proposition quite clear.
We leave the verifications to the reader (Problem 54).

What is not so clear is that every finite-dimensional vector space has a
basis, and that every basis has the same number of elements. However,
once these facts are established the above proposition serves to reduce the
general finite-dimensional space to one of the R", and the results of Section
1.3 through 1.6 carry over.

Proposition 30. Every finite-dimensional vector space V has a finite basis,
and every basis has the same number of elements, the dimension of V..

Proof. Suppose Vis finite dimensional. Then V has a finite spanning set. Let
{v1, ..., vs} be a spanning set with the minimal number of vectors; by definition ¥
has dimension d. 'We shall show that {v, ..., v4} is a basis.
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Since {vi, ..., va} Span, every vector in ¥ can be written as a linear combination
of these vectors. We have to show that there is only one way in which this can be
done. Suppose for some vector v we have two different such ways:

v=x'vi+ -+ X =yvi+ - 4y, (1.48)
Then
=yt (x = y)pa =0

Since these two expressions differ we must have x’ 5= 3/ for some j. Thus

vy = ] Z (xt— Yo,

xf—y t2)

Now this equation says that v, is in the linear span of the d — 1 elements v,, ...,
Uj_1, Uj+1, . - -, Vg, SO these elements serve to span all of V also. But this contra-
dicts the minimal assumption about 4. Thus it must be impossible to express v
in terms of vy, ..., vs in two different ways. Hence {vy, ..., v4} is a basis.

That any two bases have the same number of elements follows easily from
Proposition 28 (see also Problem 55). Let T: ¥ — R? be the linear transfor-
mation associating to each vector its coordinate relative to the above basis
{vy, ..., 04} If {wy,..., ws} is another basis, let S: V' — R be the same
coordinate mapping relative to this basis. ThenL =S§-T" ! is a one-to-one
linear mapping of R? onto R?, so p(L) = §, v(L) = 0. Thus (rank + nullity =
dimension): é = d.

e PROBLEMS

51. Show that for any finite set of vectors S = {v1, ..., v} in R, there is
a vector we R which does not lie in their linear span [S]. (Hinr: Let
v’ represent the first (k + 1)-tuple of entries inv. Since v/’, ..., v,/ cannot
span Rt*!, there is a vector w’ in R**! which cannot be written as a combin-
nation of vi’, ..., v’. Letw=®,0,..).)

52. Are the vectors E,, ..., E,, ... in R described in Example 43 a basis
for R*?

53. Let R,® be the collection of those sequences of real numbers
(x!, x%, ..., x", ...) such that x" =0 for all but finitely many n. Then Ro®
is a linear subspace of R®. Show that the vectors E,, ..., E,,... are a
basis for Ro”.

54, Prove Proposition 29.

55. Prove, by following the arguments in Section 1.4, that any two bases
of a finite-dimensional vector space have the same number of elements.
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56. Let V, W be two vector spaces. Show that the collection L(V, W) of
linear transformations from V¥ to W is a vector space under the two opera-
tions:

(@) ifceR,LeL(V, W), (cL)(x) =cL(x),
(b) ifL,L' e L(V, W), (L + L)(x) =L(x)+ L'(x).

57. What is the dimension of L(R", R™)?

58. Show that a vector space V is finite dimensional if there is a one-to-one
linear transformation of ¥V, into R" for some n.

59. Show that a vector space V is finite dimensional if there is a linear
transformation T of R" onto V for some n.

60. Verify that the collection P of polynomials is an abstract vector space.
For a positive integer n, let P, be the collection of polynomials of degree not
more than n. Show that P, is a linear subspace of P. Show that P is not
finite dimensional, whereas P, is. What is the dimension of P,?

61. Let xo, ..., x, be distinct real numbers and ¢y, ..., ¢, another collec-
tion of real numbers. Show that there is one and only one polynomial p in
P, such that

x)=c, 0<i<n

(Hint: Let L: P,— R"** be defined by L(p)=(p(xo),...,p(xs)). Show
that L has rank n+ 1.)
62. Let g be a polynomial, and define the function G: P+ P:

G(p) =pg

Show that G is a linear function. Describe the range and kernel of G.

63. Define D,: P—P: D\(p) =d*p/dx*. What are the range and kernel
Of Dk?

64. Let xo€ R, and let ¢o, ..., ¢, be given numbers. Show that there is
one and only one polynomial p in P, such that

dp d*p
P(x0) =do Zt-(xo)=cl,...,ﬁ(xo)=c,‘

(Hint: Use the same idea as in Exercise 61.)
65. Does Di: P— P have any eigenvalues?
66. Show that C([0, 1]) is not a finite-dimensional vector space.

1.11 Inner Products

The notion of length, or distance, is important in the geometric study of
planar and spatial configurations. In Section 1.3 we studied these concepts
and related them to an algebraic concept, the inner product. From the
point of view of analysis also it is true that these concepts are significant:



1.11 Inner Products 111
it is in terms of distance that we can express “closeness” and in particular
“convergence.” By analogy with R*® we define the inner product in R",

and in terms of it, distance. While we are here we shall, in this section,
introduce some topological terms.

Definition 19. The inner product of two vectors v=(v!,..., "), w=
w', ..., "), denoted by (v, w) is defined as

v, wy =Y oiw

We shall say that v is orthogonal to w if (v, w) =0. The distance d(v, w)
between v and w is defined by

d(v, w) = [}, (' — w)?]*/
The modulus |v| of a vector v is the distance between v and 0,
Iv| = d(v, 0) = [}, (+)*1"/

Distance in R" behaves much as it does in R and R3; in particular, the
Pythagorean theorem holds:

d(v, w)? = d(v, x)? + d(x, w)? (1.49)

when {v—w,w —x) =0. In any event, two points are no further apart
than the sum of the distances from a third,

d(v, w) < d(v, x) + d(x, W) (1.50)
These facts will be verified in the problems.

Topological Notions

Definition 20. The ball in R” of radius R > 0 and center ¢, denoted B(c, R),
is the set of all points whose distance from c is less than R:

B(c, R) = {x eR": d(x, ¢) < R}

A set S is said to be a neighborhood of a point ¢ if it contains some ball
centered at ¢. A set U is said to be open if it contains a neighborhood of

each of its points. _
Thus, a set S is a neighborhood of ¢ if there is some R (presumably very
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small) such that
d(x, ¢) < R implies x € S

A set Uis open if for every ¢ € U, there is an R such that U > B(c, R). Notice
that any ball is open. For suppose x eB(c, R). Then d(x,¢) <R, so
R—d(x,¢)>0. Now B(c,R) contains the ball of radius R —d(x,c)
centered at x. For if y is a point in that ball, then by (1.50),

d(y, ¢) <d(y,x)+d(x,¢) <R —d(x,c) +d(y,¢) =R
Here is a collection of formal properties of the collection of open sets.

Proposition 31.
(i) R” is open.
(i) IfU,,...,U,areopen, soisUy n - nU,.
(iii) If C is any collection of open sets, then the set of all points belonging
to any of the sets in C is open. (This set is denoted U U).

Proof.
(i) Clearly, R" contains a ball centered at every one of its points.
(ii) Suppose Uy, ..., U, are open, and x is in every U,. Then there are R, ...,

R,such that U, © B(x, Ry), ..., U, > B(x, R,). Let R=min[R,,..., R,]. Thenif
d(y,x) <R, yisineach B(x, R)soisineach U,. ThusyisinUin---nU,. In
particular, Uy n -~ U, > B(x, R). Thus U, n---n U, is a neighborhood of
any one of its points x, and is thus open.

(iii) Suppose C is a collection of open sets. If x is in any one of them, say U,
then since U is open there is an R such that U = B(x, R). Thus, [Jvec U > B(x, R).
Thus vec U is a neighborhood of any one of its points, so is open.

Many of the concepts a mathematician studies are so-called local concepts:
They happen in a neighborhood of a point, or are determined by what goes
on near a point; far behavior being irrelevant. Differentiation is thus local,
whereas integration is not. The importance of open sets is that it is precisely
on such sets that we should study these local concepts, since their definition
at a point depends on behavior in some neighborhood of the point.

If a set is open its complement, the set of all points not in the given set, is
said to be closed. Thus, Sis a closed subset of R"if R" — S = {x eR": x ¢ S}
is open. Corresponding to Proposition 31 we have this proposition about
closed sets.

Proposition 32.
(i) R"is closed.
(i) If Sy, ..., S, are closed, so is S; U -+ U S,.
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(iii) If C is a collection of closed sets, then the set of all points common to all
the sets of C is closed. (This set is denoted (\s.c S).

Proof. Problem 67.

Notice that there are sets which are both open and closed. There are not
many of them. R" and J are the only ones. There are also sets which are
neither open nor closed, and there are many of them. For example, an
interval is open in R! if it contains neither end point, closed if it contains
both, and neither open nor closed if it contains only one end point.

We are acquainted with the notion of * dropping a perpendicular” in the
plane. Thatis, if /is a line and p is a point not on the line, then we can drop
a perpendicular from p to / as in Figure 1.22. The point p, of intersection
of the perpendicular with / is the point on / which is closest to p. A more
sophisticated way of describing this situation is to say that p, is the orthogonal
projection of p on /. The concept of orthogonal projection generalizes to R”
and will prove quite useful there. In order to discuss this problem, we shall
generalize even further.

Definition 21. A Euclidean vector space is an abstract vector space ¥ on
which is defined a real-valued function of pairs of vectors, called the inner
product, and denoted ¢, >. The inner product must obey these laws:

@ <v,v)=0. If (v,v)=0,thenv=0.
@) <o, w) =<{w,v).
(iii) <{av, w) = alv, w).
(V) <oy + vy, w) =<Lvy, wy + vy, W)

Figure 1.22
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It is clear that R" is a Euclidean vector space when endowed with its inner
product. The space C[0, 1] of continuous functions on the unit interval is a
Euclidean vector space with this inner product:

o> = Fa d

We leave it to the reader to verify that the laws (i)-(iv) are obeyed. It is
interesting that the laws (i)-(iv) are all that is essential to the notion of inner
product; that is, any such function behaving in accordance with those laws
will have all the properties of an inner product. Despite the inherent interest
in this ‘“metamathematical”” point, we shall not pursue it further, but take
it for granted that the above definition has indeed abstracted the essence of
this notion.

In terms of an inner product on a vector space we can define the notions of
length and orthogonality:

loll = [<v, 0>]*2
v1lw ifand onlyif <{v,w)> =0
The important bases in a Euclidean vector space are those bases whose

vectors are mutually orthogonal. More specifically, we shall call a set
{Ei, ..., E,} in a Euclidean vector space ¥ an orthonormal set if

|E;|| =1 for all i
E; LE; forall i #j
If the vectors Ey, ..., E, span V we shall call them an orthonormal basis.
(Any orthonormal set of vectors is independent—Problem 68.) The basic
geometric fact concerning orthonormal sets is the following:
Proposition 33. Let V be a Euclidean vector space and {E,, ..., E,} an

orthonormal setinV. For any vector v in V, the vector v, = v — i (v, EDE;
is orthogonal to the linear span S of {E,, ..., E,}.

Proof. Letw= > c¢,E;beinS. Then
=1

Wy == 3 0, E> Eiy wy =0, > — 5 <0, B> <Ei, w
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Now
CEi, wy = (E,,JZCJED =élc, CEnEp=c
@ Wy =0, S aEy =3 a0, B
Thus

n

(o, wy = ‘Zc. <, E>— 5 @, E> e =0

=1

Theorem 1.8. Let V be a Euclidean vector space, and let {E,, ..., E,}
be an orthonormal set in V.  For any vector v, let

Vo = é‘_.l(”a EE;

Then

@) ol = llo = vol® + llwolI?;
(ii) for any w in the linear span of {E,, ..., E,},

o —voll® < flo — w|?
Proof.

@ l? =<v, v> = v —vo) + vo, (v — vo) + vo>
= |jv — vo!]? + Ilwoll> + (o, v — 10> + {0 — 0o, Vo>

The last two terms are zero by the preceding proposition, since v, is in the linear
span of {E,, ..., E,}.

(i) lb—wiP=<v—w,v—w
=0 — Voo — W,V — Vo + Vo — WD

= |lv — voll? + llvo — WI> + <v — vo, vo — WD + (Vo — W, v — Vo)

Again, the last two terms are zero for both vo, w and thus also vo — w is in the linear
span of {Ey, ..., E.}. Thus

o — wilz = llv — o ll> + llvo — wlI* = llv — vol?

so (ii) is proven.
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Gram-Schmidt Process

Notice that v — v, = v’ is orthogonal to the linear span S of {E, ..., E,}.
v, is the vector in S which is closest to v; it is called the orthogonal projection
of vinto S. It seems, by Theorem 1.8 that one needs an orthonormal basis
in order to find orthogonal projections; the following proposition gives a
procedure for obtaining orthonormal basis for finite-dimensional vector
spaces, and thus with it, orthogonal projections.

Proposition 34. Let F,, ..., F, be a basis for a Euclidean vector space V.
We can find an orthonormal basis E., ..., E, so that the linear span of Eq, ...,
E; is the same as the linear span of Fy, ..., F; for all j.

Proof. The proof is by induction on n. If n=1, we need only take E; =
(|Fy ||~ *F;.

Now in general, let Fi, ..., F, be a basis for a Euclidean vector space V. Then
the linear span W of Fy,..., F,_, is a Euclidean vector space also, and we can
apply the proposition to W by the inductive hypothesis. Let E, ..., E,_; be an
orthonormal basis with the required properties. Now, we must find a vector E,
such that

IE =1
(E.,E)=0 allis#£n
F, is in the linear span of Ej, ..., E,

If E, is a vector that fulfills the last two conditions, then we can take E, = ||E,||~E,.
Thus we need only find a vector filling the last two conditions. That is easy; take

E,=F,— Z (F, E)E,
j<n

Then, for i <n,
(En, E) =(F,, E) — jZn(E” E)E;, E)
=(F,, E)— (F,, E)E\, E)=0
Furthermore,
F,=E,+ zn(Fn s EDE,;
so the last two conditions are fulfilled and the proposition is proven.

The proof of this proposition provides a procedure for finding orthonormal
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bases in an Euclidean vector space, known as the Gram-Schmidt process. It
goes like this:

First, pick any basis Fy, ..., F, of V. Take
E,=|F ||_1F1

Then choose E, = F, — (F,, E,)E,, and divide by the length to find E,,
and so forth. If E,, ..., E; are found, take

E?+1 =Fj+1 _(Fj+1’E1)E1 ( +1,E2)E2 "'(Fj+1’Ej)Ej
and let E;,, be the vector of length one collinear with EY, ,
Examples

47. Apply the Gram-Schmidt process to this basis of R*:

F,=(1,0,1)
F2 = (3, —1’ 2)
F;=(0,0,1)

Take

||f?i|| - (%0 715)
E,=(, —1,2)— ( \/_+( 1)-042- )(\; , jé)

5 5 1 -1
=(3, —1, 2)—' (5,0,5) = (5, —197)

Then
- ()63 - G- 6) )

- @)

E, =
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and finally

-2 -3 2
= (i e @)
48. Find an orthonormal basis for the kernel of A: R* — R,
A, %2, 3, 1) = 2t + X%+ 2t
First of all, let us pick a suitable basis for K(1); that is,
(1,0,0, —1/2), (0, 1,0, —1/2), (0,0, 1, —1/2). Applying the Gram-
Schmidt process, we obtain

2 -1
E1 :—'(1,0,0,_)

NS
= (oo () O o)

1 -1 5\ 1/2 -2
NEORE ((30)”2’ (6 -0 (30)”2)

E _(1094)1/2(11 2)
T30 66”5

49. Find the orthogonal projection of (3, 1, 2) into the kernel of
T:R® > R:
T(x,y,2)=x+2y+z

Now the kernel of T is spanned by F, = (2, —1,0), F, = 0, —1,2).
Applying the Gram-Schmidt process, we obtain the orthonormal basis

El = (%)1/2(21 - 1’ 0) EZ = (%)1/2(_%, _%—’ 1)
Thus the orthogonal projection of (3, 1, 2) into this plane is

BHY - 1,0 + (O PUOVA(-L, -2, 1) = (4%, —31, 9)

5> 5>
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50. Find the point on the line

Lix+ y—z=0
3y+z=0

which is closest to (7,1,0). L is the linear span of the vector
(—4, —1,3). Thus the orthogonal projection of (7,1,0) on this
line (the closest point) is

4, -1,3)

<(7’ 1,0), (-4, -1, 3)> (-4, -1,3 27

(26)172 (267 " 26

o EXERCISES

61. Which of the following sets are open; closed; or neither.
(@ {xeR:2<|x—5|<13}
(b) {xeR:0<x<<4}.
() {xeR:x=>32}.
@ {xeR:<{x x>=4}
(¢) {xeR*:<(x,(0,2,1)> =0}
) xeR:2<(|x—(@3,0,3)| <14}
(g xeR:x'>0,...,x">0}
(h) The set of integers (considered as a subset of R).

() {xeR": _Z x'a' <&},

G) f{xeR: g"lx*a* £1).

&) {xeR:> ()< (x)
62. Find the point on the plane

x+3y+2z=4

closest to the point (1, 0, 1).
63. Find the point on the line

x+Ty+z=2
x —z=0

closest to the point (—7, 1, 0).
64. Find an orthonormal basis for the linear span of
@ v1=00,2,2),v.=(1,0,2),vs=(1,2,4).
®) vv=0,1,0,1),v.=(1,0,1,0),va=(1,1,2,3).
) v1=(0,3,0,0,0),v:=(0,6,0,3,0),vs=(0,0,2, —1, 1).
@ vi=(01,2,34,v2=(4,3,2,1),v:=(2,1,4,3).
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65. Find orthonormal bases for the linear span and kernel of these
transformations on R*:

@ /8 6 1 0 ®) 1 2 1 2
1 2 0 2 2 1 2 1
o0 3 3 0 -1 1 -1 1
7 4 1 =2 o 1 0 1

o PROBLEMS

67. Prove Proposition 32.

68. Show that an orthogonal set of vectors is independent.

69. Give an example of a sequence {U,} of open sets such that N=: U,
is not open.

70. Give an example of a sequence {C,} of closed sets such that | Ji=, C,
is open.

71. Find an orthonormal basis for the linear span of 1, x, x%, x* in the
vector space C([0, 1]) with the inner product {f, g> = j fg.

In the next four problems ¥ represents a vector space endowed with an
inner product, denoted <, >.

72. Let v, w, x be three points in ¥ such that v — x is orthogonal to
w — x. Show that the Pythagorean theorem is valid:

lw—wl=lv— x|+ lIx — wl?

73. Let v, w be two vectors in V. Show that the vector in the linear span
of w which is closest to v is

; _<v,W>w

o =
lwil®

(1.51)

(You can verify this by minimizing the function f(z) = |v — tw|* by
calculus.)
74. Prove Schwarz’s inequality:
[<v, w| < llofl * lwll
for any two vectors in V. (Hint: |lv — vol|>* >0 where v, is given by

(1.50).)
75. Prove the triangle inequality:

—xl<llo—wl+ llw—x||

for any three vectors in ¥ (use Schwarz’s inequality).
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76. Let V be a vector space with an inner product. Suppose that W
is a subspace of V. Let | (W) ={v: (v, wd> =0 for all we W}. This is
called the orthogonal complement of W. Show that | (W) is a linear
subspace of ¥ and (if V is finite dimensional) that # and | (W) together
span V.

77. Let T: R"— R™ be a linear transformation represented by the matrix
A. Show that the rows of A span | (K(T)).

78. Show that a linear transformation is one-to-one on the orthogonal
complement of its kernel.

o FURTHER READING

R. E. Johnson, Linear Algebra, Prindle, Weber & Schmidt, Boston, 1968.
This book covers the same material and includes a derivation of the Jordan
canonical form.

K. Hoffman and R. Kunze, Linear Algebra, Prentice-Hall, Englewood
Cliffs, N.J., 1961. This book is more thorough and abstract, and has a full
discussion of canonical forms.

L. Fox, An Introduction to Numerical Linear Algebra, Oxford University
Press, 1965. This is a detailed treatment of computational problems in
matrix theory.

H. K. Nickerson, D. C. Spencer, and N. Steenrod, Advanced Calculus,
Van Nostrand, Princeton, N.J., 1957. This set of notes has a full treatment
of all the abstract linear algebra required in modern analysis.

® MISCELLANEOUS PROBLEMS

79. Show that if A’ is obtained from A by a sequence of row operations
then these equations have the same solutions: Ax =0, A’x =0.
80. Show that every nonempty set of positive integers has a least element.
81. Show that a set with » elements has precisely 2" subsets.
82. Show that the n-fold Cartesian product of a set with k elements has
k" elements.
83. Can you interpret the case k =2 in Problem 82 so as to deduce the
assertion of Exercise 3?7
84. Let A = (a,') be an n X n matrix such that a;' = 0if i — j > r for some
r>0. Show that A"*=0. Show that the same conclusion follows from
the assumption j — i > r for some r >0. Will the hypothesis |i —j| >r do
as well ?
85. Let 7: R"— R™ be a linear transformation of rank r. Show that
there are linear transformations S;: R™ — R™~’, S2: R""" — R" such that
(a) S: has rank m — r and b € R(T) if and only if Sib=0.
(b) S; has rank n— r and x € K(T) if and only if x € R(S3).
86. Suppose that T: R"— R" and T*=1. Show that T is invertible.
87. Let S be a subset of R". Show that the linear span [S] of S is the
intersection of all linear subspaces of R" containing S.
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88. Let S, 7 be subsets of R". Show that
dim(S v T <dim([S D + dim([T’]),

and equality holds if and only if [S] » [T]={0}

89. Let ¥ and W be subspaces of R*. Let X be the set of all sums
v+ w with ve V, we W. Show that X is a linear subspace of R The
relationship between X and ¥ and W is indicated by writing X=V+ W. If
in addition ¥ ~ W ={0}, then every xc X can be written in the form
v+ w in only one way. In this case, X = V+ W with V' n W =0, we say
that X is the direct sum of V and W and write X =V @ W.

90. Suppose X = V@ W. Then dim X =dim V + dim W.

91. Show that if A; R" — R is a linear function, there exists a w € R" such
that A(v) = <v, w) for all ve R".

92. If S is a subset of R" define

1(S)={veR:(v,s>=0forallse S}

(a) Show that | (S) is a subspace of R" and that S n 1 (§) = {0}
(b) Show that [§] = _L(L(S)).
(c) If V is a linear subspace of R", R"=V @ L (V).
93. Suppose that T: ¥ — W is a linear transformation and ¥ is not finite
dimensional. Show that either the rank or the nullity of 7"must be infinite.
94. Let V be an abstract vector space. A bilinear function p on V'is a
function of two variables in ¥ with these properties:

plev, wy =cplv,w)  p, cw) = cp(v, w)
p(v1+ vz, w) = p(vs, w) + p(v2, w) p(o, w1 + w2) = p(v, wi) + p(v, w2)

Show that the sum of two bilinear functions is bilinear. In fact, the space
By of all bilinear functions is an abstract vector space. If V is finite dimen-
sional, what is the dimension of By? (Hint: See the next problem.)

95. Let p be a bilinear function on R". Let

ai;;=pE;, E)

Show that p is completely determined by the matrix (a,; ).
96. Let V be an abstract vector space.
(a) Show that the space V'* of linear functions on V is a vector space
under addition and scalar multiplication.
(b) If dim V = d, show that dim V* =d also.
~ (c) Show that to every A€ R™ there is a we R" such that A(v) =
v, w) for allve R". (Recall Problem 91.)
97. Suppose that V is a linear subspace of . We define the annihilator
of V, denoted ann(V), to be the set of A € W* such that Ap) =0if ve V.
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Show that ann(¥) is a linear subspace of W*. If dim W =n,dim V =d,
show that ann(¥) has dimension n — d.

98. Let V be a linear subspace of R", and suppose that 7: V—R" is a
linear transformation. Show that there is a linear transformation 7:
R"— R™ defined on all of R" which extends 7.

99. The closure of a set S, denoted S, is the set of all points x such that
every neighborhood of x contains points of S. Find the closure of all the
sets in Problem 61.

100. Show that the closure of a set .S is the smallest closed set containing S.

101. The boundary of a set S, denoted 45, is the set of all points x such
that every neighborhood of x contains points of both § and the complement
of S. Find the boundary of all the sets in Problem 61.

102. Show that the boundary of a set is a closed set.

103. Show that the boundary of a set .S is also the boundary of its com-

plement R" — S. In fact, show that 05§ = 8 n (R"— ).

104. Let T: V' — W be a linear transformation of a vector space with an
inner product. The adjoint of T is the transformation T*: W — V defined
in this way

(T*(w), v> =<w, Tv) forallveV

(a) Show that T* is a well-defined linear transformation.
(b) If T: R*—R™ is represented by the matrix A =(a,"), then

T*: R"— R" is represented by the matrix A* = (a*]), where a*} =a/.

(This matrix is called the adjoint or transpose of A.)

(¢) Show that R(T*) is complementary to K(T).
(@) In fact, p(T*) = v(T), W(T*) = p(T).

105. A bilinear form p on a vector space V is called symmetric if it obeys
the law: p(v, w) = p(w, v) for all v and w. An inner product is a symmetric
bilinear form and much of the formal manipulations with inner products
remains valid for symmetric bilinear forms. For example, the Gram-
Schmidt process (Proposition 32) gives rise to this fact (see if you can work
the proof of Proposition 32 to give it):

Proposition. Let p be a symmetric bilinear form on V. Suppose Fi, ...,
F, is a basis for V. We can find another basis, E\, ..., E, of V such that the
linear span of E., ..., E; is the same as that of Fy, ..., F; for all j, and
P(E,E)=0ifi+#].

We shall call such a basis Ei, ..., E, p-orthogonal.

106. Let p be a symmetric bilinear form on a vector space V, and suppose
E.,..., E,is a p-orthogonal basis.

(a) Show that p(v, w) can be computed in terms of this basis as
follows: if v="> v'E;, w =, w'E,, then

P, W)= S v'wip(E:, E) (1.52)
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(b) Show that p is an inner product on the linear span of the E;
such that p(E,, E)) > 0.
(¢) Similarly, —p is an inner product on the linear span of the E;
such that p(E,, E;) <0.
107. Prove this fact: Let p be a symmetric bilinear form on a finite-
dimensional vector space V. There is a basis E;, ..., E,, integers r, s such
that r 4- s < n and such that if v =3 v'E,, then

pv,v) = Zr(v‘)’ —,s‘sZm(v')z (1.53)

(Hint: Modify the basis {E;} in Problem 106 so that (1.52) becomes (1.53).)

108. The integers r, s of Problem 107 are determined by p alone, and are
independent of the basis. Here is a sketch of how a proof would go.
Suppose Fi, ..., F, is another p-orthogonal basis and p is the number of
Fs such that p(F,, F;) >0. We have to show p =r. Let W be the linear
span of these F’s. Expressing points of W in terms of the basis E,, ..., E,
we may consider the transformation T: W — R”" given by

TG VE)=@", ..., 1)
T is one-to-one on W, for if we W, and w # 0,

0<pr, W)= 3 GV~ 3 @

rsisr+s

so we must have

S @) >0

tsr

on W. Since T is one-to-one, it follows that r >p. The inequality p=r
follows from the same argument with the roles of E;, ..., E,and F,, ..., F,
interchanged.

109. Let A =(a;;;) be a symmetric n X n matrix, that is, a;;;, = a,;
Then A determines a symmetric bilinear form on R" as follows:

pav, W)= 3 ai;p'w!
4L

If P is the matrix corresponding to the change of basis from the standard

basis to that described in Problem 105, then P*AP is diagonal. Verify that
assertion.
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110. Find the p-orthogonal basis and the representation (1.53) of Problem
107 for the symmetric bilinear forms given by these matrices:

@ /4 3 o0 1 ® 1 0 0 —1
3 1 0 1 0 1 -1 o0
0o 0 o0 o 0 -1 —1 0
1 1 0 1 -1 0 o0 -1

111. Describe the sets p(v,v) >0, =0, <0 in R* where p is given by
(v, v) = @) + (0*)* + (v*)* — (v*)

112. A transformation T: V-V is called self-adjoint if it is self-
adjoint ({Tv,w) =<v,Tw) for all v, we V). Show that if T is a self-
adjoint transformation on R", then

R'=K(T)® K(T)

113. Suppose that v, w are eigenvectors of a self-adjoint transformation T
on V with different eigenvalues. Show that <v, w)> =0.

114. If T is a self-adjoint transformation on R", and v, € R" is such that
> ("> =1and

{TVo, Yo = max{<Tv,v>; > (v)* =1}

then v, is an eigenvector for 7.

115. Use Problems 113 and 114 to prove the Spectral theorem for self-
adjoint operators on R":

Theorem. There is an orthonormal basis E,, ..., E, of eigenvectors of T.
T can be computed in terms of this basis by

TG x'E) =2 x'c/E,

116. Find a basis of eigenvectors in R* for the self-adjoint transformations
given by the matrices (a), (b) of Problem 110.
117. Orthonormalize these bases of R*:
@ (1,0,0,0),(0,1,1,1),0,0,2,2),(3,0,0,3).
® (-1,-1,—-1,-1,0,-1,-1,-1),(0,0, -1, =1,
0,0,0, —1).
© (0,1,0,1),(1,0,1,0),(,0,0,1),(0,1,1,0).
118. Find the orthogonal projection of R® onto these spaces:
(a) The span of (0, 1,0, 0, 1).
(b) The span of (1,1,0,0,0), (1,0,1,0,0).
(c) The span of (1,0,0,0, 1), (0,1,0,0,1),0,0,1,0,1).
(d) The span of the vectors given in (c) and the vector (0,0, 0, 1, 1).
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